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Thén chao quy phu huynh va cdc con thén yéu!

Thdy Kenka rét vui vi dugc gli quyén tai liéu ndy dén vdi tay cdc
con va quy phu huynh.

Thdy chuc cho gia dinh minh nhiéu stic khde, hanh phuc va binh an.

VGi khao khdt vé mong muén gidp hang triéu em hoc sinh toan
quéc hoc giéi todn va yéu thich mén todn. Thdy Kenka da mé
réong Trung Tém Todn Tu Duy Kenka dua vao cdc khdéa hoc todn
online trén website speedmath.vn dé tiép cdn nhiéu hon dén
cdc em hoc sinh trén moi mién dat nudc.

B& me va cdc con c6 thé trdi nghiém hoc thirtodn online tai nha
cling thdy Kenka tai: https: //speedmath.vn/

B1: Vao website speedmath.vn

B2: Chon ldp cho con.

B3: B4m xem trudc bai gidng dé cho con hoc thu.
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Ti€n si Tran Hoan - Thay Kenka
sinh nam 1983 tai Bong Nai.

Thay & trudng bd modn todn
trudng Bai hoc Lac Hong 1t 2010,
thac st Todn Gidi Tich, Tién si Gido
Duc Toédn Hoc va Id ngudi sang
I&p Trung Tam Toan Tu Duy
Kenka clUng vdéi hé théng hoc
online speedmath.vn v3i st ménh
giup hang triéu em hoc sinh yéu

thich v& phat trién tu duy vé Todan.

Thay da cong bd nhiéu nghién clu co gia tri trong Gido Duc Todn

Hoc theo cac hudng khdc nhau ddc biét nhu: Nghién cldu day hoc

Todn theo dinh hudng ren luyén cac ky ndng va ndng luc cho hoc

sinh v&i mot s6 cong bé tieu biéu trén cac tap Chi hang dédu clia

Gido Duc Toan Hoc: Tap chi Khoa hoc Gido Duc Viét Nam, Tap chi
Khoa Hoc Bai hoc su Pham TPHCM, tap chi Khoa hoc Bai hoc HUé,

Pai hoc Ba N&ng... va mdt sé tap chi quéc t& ¢ uy tin vé Gido Duc

Todn Hoc.



Trong nhing Ndm qua, Thay dugc nhiéu cdc em hoc sinh va quy phu
huynh tfin tudng, yéu mén.

Thay truyén Ia cho cdc em hoc sinh yéu thich mén todn, gilp cac em i
mdat géc, sg hoc todn chuyén sang yéu thich va cé kién thic, ki nang
ving chdc.

Nam 2015 thdy thanh I&p trung tdm Toén Tu Duy

Kenka gidng day va bdi dudng nang luc Todn hoc
cho cdc em hoc sinh.

Nam 2021, hé thdng hoc online trén speedmath.vn do thdy sang IGp
bao gdm cdc I8p todn 1t I8p 2 dén I8p 12, dugc ra ddi véi mong
mudn bdi dudng va phat trién nhiéu nhan tai Toan hoc va cé that
nhiéu cac em hoc sinh trén todn quéc dudc tiép can va cd nhing
Qi3 hoc todn that vui, that tha vi. Véi triét Iy gidng day “hoc sinh s&
hoc tép mot cach hiéu qud nhat khi cae em 3 trong Mot moi frudng
hoc tdp tich cuc, ngi ma cdc em cdm thdy minh dugc chdo don,
thodi mai va an todn”. Chinh vi vay, thdy dugc rdt nhiéu quy phy
huynh va cac hoc sinh yéu mén va quyét dinh ddng hanh cung thdy

3 mdoi nAm hoc.

THAY KENKA
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v/ Hoc tryc tiép ciing thdy Kenka - Tién St Trén Hoan

< Trong qud tinh hoc, thdy luén theo sat va déng hanh cung tét
cd cdc em

A Sau méi budi hoc, cac em dugc lam thém bai tép, thdy sé
chdm diém bai tép trén Azota va sfia bdi cho cdc em 3 budi
hoc tiép theo, nhd vay thdy hiéu dudc khd ndng hoc tap clia
ting em hon dé c6 thé kém cdp va nang dd cac em ndm
ving kién thic

4 Xod di finh trang mat géc Todn & da sé em hoc sinh, gilp cac
em VUgt qua ndi s¢ hoc Todn va cd thém dong luc hoc tap

¥/ Sau2thang hoc s& c6 mét bai thi kiém tra, thdy s& chdm diém
va téng két tat cd diém bai tép vé& nhd, ban cé k&t qud thanh
tich hoc tép 18t frong qud trinh hoc, thady sé& tuyén dusng vé gUi
qud tang dén nhing em co thanh tich t6t va tién bo.

4 Thdy luyén thi cho cdc em rdt ky va chi tiét dé khi thi var lam bai
kiém tra trén trudng, cdc em ndm ving kién thic va dat hiéu
qud 16t frong trudng hoc.




hoc toan Cling

" LO1iCH HOC TOAN ONLINE TREN
SPEEDMATH.UN CUNG THAY KRENKA

NAm ving cc ban kién thic todn, vugt qua néi sg hoc Toan
a - Hinh thanh nang luc ty hoc, tu gidi quyét van dé.

Cac em cé thé xem dli xem Iai bai gidng néu chua that thdu déo (d6i
v&i hé théng hoc trén speedmath.vn)

Hé théng cau hdi tréc nghiém trén speedmath.vn gitip cac em kiém
tra kh& nang van dung kién thic ca bdn cla minh. Bac biét hé théng
s& chdm diém va Iuu vaio hoc ba, xét khen thudng, déi qud cho céc
em c6 thanh tich xudt sdc.

Hudng dén thém 1ttt cac Thdy Co 1rg gidng ngay khi céc em cé thdc
md&c vé bai hoc qua viéc hdi ddp fryc 1iép trén hé théng va trén Zalo.
Bat két qud 16t trong cdc ky thi va yéu thich mén todn.

Thay cd trg gidng clng thudng xuyén két ndi véi Quy Phy huynh dé
théng tin k&t qud hoc tép clia cac em, 1t do gilp cdc em khéce phuc
nhdng khd khan khi hoc mon Todn va cling tao dugc su tin tudng khi
Phy huynh dang ky hoc Todn online cung Thdy Kenka trén hé théng
speedmath.vn
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J/ J J

Birl. CAN THUC

A-TOM TAT LY THUYET

Dé rat gon biéu thiic c6 chita can thitc bac hai, ta van dung thich hop cac phép tinh vé can thic va
cac phép bién déi don gian biéu thic chita can thiic bac hai. Khi phéi hgp cac phép bién déi can thiic
v6i cac bién ddi biéu thitc c6 dang phan thitc can chi y:

@ Trudce tien can tim diéu kién xac dinh (DKXD) dbi vé6i can thiic ciing nhu di v6i phan thic.

VA c6 nghia < A > 0.

Vi du: =
P T—140  |z#1.

2 +2>0 > -2
¢6 nghia khi {x - {x -

@ Diéu kien dé boé dau gia tri tuyet doi:

VA? = |A] =

Anéu A>0
—Anéu A < 0.

® VAB=+VA-V/B (V6 A>0;B>0).
[A VA
@ Vi A>0,B>0thi{/==—=.
1 D 1 Iz \/E

®@ Dua thira sd ra ngoai dau cin
AvVB éduAd>0
V&l?EOJﬁCéVAH?zLM%E::{ VB néu A0,

—AVB néuA<0.

® Pua thira s vao trong dau cin

vV A2B néu A >0
Véi B > 0, ta c6 AVB = A=
tP= o {—\/AQB néu A < 0.

® Khit miu cia biéu thic liy can
A AB

BZ

E

Vé6i A, B ma AB >0, B # 0 ta co

B|
® Truc can thic ¢ mau

AvVB

A
— V6iB>0tacd) —= = —5—

vB B
— V6i A>0,A # B? taco

C _C(\/Z—B) C _C(\/Z+B)
VA+B  A-B*> ' JA-B  A-B*

— V6i A>0,B>0,A+DB tacé

C _C(\/Z—\/E) C _C’(\/ZJr\/E)
VA+vB ~ A-B ' JA-YB  A-B

o a




1. CAN THUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

® Két qua rat gon dé ¢ dang nao la tly thuoc vao yéu cau cu thé ciia bai toan.
Vi du: Sau khi thiic hién cac phép tinh va rat gon két qua duge

P:x—4\/5+3

r—1

(mau thitc khong chita dau cén).

Ta can rit gon tiép

b WE-D(E-3) _ VE-

3 N
= (v6i dieu kien = # 1).

Ve-Dr+1)  Ve+l

Dén day c6 theé giai tiép dugc nhitng cau hoi tiép theo, nhu tim = dé

— P ¢6 gia tri duong;
— P c6 gia tri bang k;
— P dat gia tri nhé nhat, ...

B-CAC DANG TOAN

B Dang 1. Rit gon biéu thirc chira sé

> Vidu 1. Rit gon biéu thiic sau:

a) A =2v274 512 — 3/48. b) B = /147 + /75 — 4./27.
¢) C =3v2(4—v2)+3(1 —2v2)>2. d) D = 2v/5 — /125 — v/80 + /605.
o L3i gidi.

$® Vidu 2. Rit gon biéu thitc sau:

a) M = /45 + /245 — /30. b) A = 2015+ v/36 — v/25.

¢) B =5v8++/50—218. d) C = V27— 2y/12 — \/75.

e) D=+12++27— V4. f) E=2v3+ 327 —/300.

g) F =3v2+4/18. h) G = 2v/3 — 44/27 + 5V/48.

i) H=(3v50 —5V18 + 3v/8)v/2. i) I=(2v3-5V27+4/12) : V3.
k) K = /125 — 4v/45 + 3v/20 — /80. 1) L=2V0++25-5V4.

m) N = 2/32 — 5v/27 — 44/8 + 31/75. n) O=2v3-52-3v3-22+3-32.
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng
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o Li gidi.

& Dang 2. Biéu thirc duéi ddu can duoc dua vé dang VA2 = |4|

$> Vidu 3. Rit gon biéu thitc sau:
a) A=1/(2—V3)2+ V3. b) B =6+ 2v5—1/6—2V5.
c)C:\/7—2\/E+\/%+%\/§. d) D = (3v2 + v6)V/6 — 3v/3.
e) E=(V5—-1)v6+2V5. f) F= 7+2\/ﬁ+\/%—%\/§.

5/223 ’




1. CANTHUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

y 4/ J J

® Loi gidi.

$> Vidu 4. Rit gon biéu thitc sau:
a) A= (3v2++6)v6—3V3.
V4 —2V3

1—

V3
243 2 -3
C)C’:\/ 5 —\/ 5

b) B =

Q) D=21(V2+V3+v6-2v5) —6(v/2—vB+V3+5) .

6/223 '

 Loi gidi.
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B Dang 3. Biéu thirc dudi dang phén thirc

Phuong phap: Stt dung cac phuong phap quy dong mau s6, nhan Iugng lién hop...

. \ A
> Vidub. Cho A=+3—1; B=+/3+1. Tinh gia tri ctia biéu thitc A+ B; A - B; E;A?+B2

bang cach 1t gon hodc bién déi thich hop

$> Vidu 6. Rit gon biéu thitc sau:

1 1 2v/2 — /6 e 1 1

VATEaT AT




1. CANTHUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

yV J J J
V5 1 1
) C=F ) P= T 2t s
1 1 3+3
E = . fy F=(v3—-1)——.
° a3 A+ V2 ) (v3 )53
® Loi giai
$® Vidu 7. Rt gon bié?uthﬁcP—L—\/W-ki
J /. g¢ = Vo v




Trén dudng thanh cong, khong cé déu chan clia ké ludi biéng
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5+v5 5 3v/5

> Vidu 9. Rt biéu thit C = + = .
. u gQIl 1€ C Sau \/5_'_2 \/5_1 3+\/g
® Loi gidi.
. , 2—/3 2+3
$> Vidu 10. Thu gon biéu thic C' = + .
14+vV4+2vV3 1—+v/4-2V3
® Loi gidi.
2++/3 2 —+/3

$> Vidu 11. Rat gon biéu thitc D =

Vi-4/3 VT+4/3

o Li gidi.




1. CANTHUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

y 4/ J J

3\/3—4_ V3+4
2v3+1 5— 23

® Loi gidi.

$> Vidu 12. Rit gon bicu thiic sau £ = \/

® Loi gidi.

& Dang 4. So sanh can thirc
10/223 ’




Trén dudng thanh cong, khong cé déu chan clia ké ludi biéng
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$> Vidu 14. So sanh cac cap s6 dudi day:

5 3 /3
2) 2930 va 3v/T3; b 2zl

5 /1 1
c) 5v/2 va 4v/3; d) —\/g va 64/ —.

> Vidu 15. Sip xép céc cap so sau theo thit ty tang dan:

a) 3v/5; 2v/6: v/29 va 4v/2. b) 5v/2; v/39; 3v/8 va 21/15.

o Li gidi.

1 /223’




1. CANTHUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

y 4/ J J

$> Vidu 16. Sip xép céc cap s6 sau theo thit ty gidm dan:

2 2
a) 7v2; 2v/8; V28 va 5v/2. b) 3v10; 5v/3; 705 va 12\/;.

$> Vidu 17. So sanh
a) V5 va /4. b) V5 va 2.
c) 4v/5 va 5v/4. d) V5 + V7 va V12

12/223 ’




Trén dudng thanh cong, khong cé déu chan clia ké ludi biéng
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$> Vidu 18. So sanh cac biéu thitc sau

I 3
a) V9 va 2. b)?’gvaz.

c) 2v/3 va 3v/2. d) —6+/7 va 7¢/(—6).
e) V4 + 7 va 11, f) V10 — 2 v /2.
g) V2+1va v/7+5v2 h) V3 — 2 va v/15v/3 — 25.
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1. CAN THUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng
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B Dang 5. Rat gon biéu thitc chira én

$> Vidu 19. Rit gon cac biéu thiic sau

) VvVt —2z2+1

a) vt —4x? +4 — x*. b) , VOl > 1.
z+1
Var? 4+ 4 1 1
c) ij_xl+ V@i.’ﬂ>—§. d) 94+ 2z + V4 —4dx+ 22 véiz < 2.

® Loi gidi.

$® Vidu 20. Cho céc biéu thiic

A =1/20a+ 92 + Va* + 16a2 + 64. B = a* + 20a® + 100a>.

a) Rut gon A.
b) Tim a dé A+ B = 0.

14/223 ’




Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y 4/ J J

o Li gidi.

$> Vidu 21. Rit gon céc biéu thiic

a) A=+/(a—1)%(2a+ 1) v6ia > 1; b) B=+/(b—1)(b+7)+ 16 v6i b < —3;
1—d P—id+4
) C = VEFI0cF 2B — VE—10c+5 véi d) D= T2 s>

_l’_
Vd?2 —2d+1 d—2

—5<c<h;

(a+0)*— (a—0b)?
ab

> Vidu 22. Riit gon biéu thic M = véi ab # 0.

T—va

15 /223’




1. CANTHUC Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

> Vidu 24. Rat gon bidu thic Q =v/z —1 -2z —2+1+Vz -2 véi 2 <z < 3.

 Loi gidi.

& Vi du 26. Cho bidu thite A = V2L =1
) r—1 VZ+1
Ruat gon A, sau do6 tinh gia tri A — 1 khi x = 2016 + 24/2015.

(v6ix # 1;2>0).

16/223 ’

® Loi gidi.
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

B Dang 6. Mét sb béi todn tdng hop

y 4/ J J

$> Vidu 27. Cho biéu thiic P =

a) Rut gon P;

3V +2

20T —3 3(3/7—5)

Vi+1

b) Tim gia tri ciia P, biét x = 4 + 2/3;

¢) Tim gi4 tri nhé nhat cia P.

3—vz x-2/z-3

® Loi gidi.
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Trén dudng thanh cong, khéng cé ddu chan cla ké ludi biéng

1. CANTHUC
y J J J

$> Vidu 28. Cho biéu thitc Q = (ﬁi—; - \/2_\/52 + 521/5_;2) : ol

a) Rt gon Q;
b) Tim z dé Q = 2;

N P ., . 2 P ~ ., o A
¢) Tim cac gié tri cia x dé @ c6 gia tri am.

® Loi gidi.
Bai 1. Tinh
a) 3v2 — 418 + 21/32 — V/50; b) 5v/48 — 4v/27 — 24/75 + 1/108;
c) 2v24 — 254 + 3v/6 — V150; d) V125 — 2v/20 — 3v/80 + 41/45;
¢) 2v/38 + 2v/63 — 3v/TT5 + v/I12: ) 1o¢2—8+2m_3m_g¢m
g) V7 - 2VG; h) /13 — 4v/3;
) VT—4v3 -2 i) V15— 6v6 + /33 — 121/6.
Bdi 2. Tinh
a) (3v2 —v3)(V3+3v2); b) (2v5 — V7)(2v/5 + V7);
8 32 i3 16 I 1
c) 6\/%—5\/27—5—1-14\/%; d)2\/;—3 2—7—6\/%;
V15— 6 V10 — V15

°) Vi~ Vil D R-viz
18/223‘E




Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J/ J J
VI5 V5 9-4V5 2v8— V12 V54 V2T

SV BN WUR-VE Vi Vi
B&i 3. Tinh

a) V3+2v2; b) V/T+4v3; ¢) V14 - 6V5;

d) V/46 + 6V/5; e) Vo+4v3; f) V16 +2V15;

g) /23 — 4y/15; h) V17 — 4y/15; D) V16 +8/3;

i) VT 2VE; k) V8 —2vT; ) V7443,

m) V9 — 4V5; n) V13 - 4v/3; 0) V23 +8VT;

p) V4 —2v3 -3 Q) V743 -2 ) VI1+6v2 -3+ 2,
B&i 4. Tinh

a) V8 1+ 2v/15 — v/8 — 2V/15; b) V5 +2v6 + /5 — 2/6;

¢) VA+2v3+ V4 —2V3; d) V9 +4v5 — V9 — 4V/5;

) V12 —6v3+ /12 4 6v/3; f) V21 —4v5 4 /21 + 44/5;

g) V11 +6v2— /11— 6v/2; ) V7 — 434+ V7 + 43,

D) V144 6v5 + /14 — 61/5; i) V15— 6v6+ /33 — 121/6.
B&i 5. Tinh

a) (2+V3)VT - 4V3; b) (V3 +4)v/19 - 8v3;

¢) V17 — 3v/32 + /17 + 3v/32; d) V49 — 5v96 — /49 + 5/96;

) (5+4v2)(3+2V1+v2)3 - 2vT+v2):  f) (4+ VI5)(VI0 — V6) V4 — VI5;

) (V5 —2v6+v2)V3; h) V4 +2v3 — V5 +2v6 + V2;

) 2417 — 49 + 45 i) V1343072 + Vo + 4va:

k) VV2+2V3 + V18 — 8v2: ) \/4+\/5\/§+5\/48—10\/m.

Bdi 6. Rut gon biéu thiic

V2 oo V6
1+vV2-v3 V2+vV3-V5

15 n 8 n 6
V6—1 V6+2 3—-+6

Bai 7. Rit gon cac biéu thic sau:

a) — 9V6; b)
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1. CAN THUC Trén dudng thanh céng, khéng cé dédu chan clia ké ludi biéng

y J J J
a) V11— 6v2 — /11 + 6v/2. b) /(2 —V5)2 + /14 — 64/5.
¢) 24+ VT)VI11 —4V7. d) V/(3+V2)2+ 6 — 4v2.
&) Vo —2vT5- f Ve V2 VA ) 2+ V3

ivei s v vh

2 2 2 1
g) \/(1-v2) +V11-6v2. h)\/g+\/§—1/4_\/ﬁ+6\/;

%\/12—8\/§+\/17—12\/§—4\/§. D) V19— 83+ V4 —2V3.
) V124 3v3 + V4 + 23 — 23,
Bai 8. Tinh
) V14 +6v5 — /14 — 6v/5; b) /(v +1) V6 —2V5.
Bai 9.

a) Tinh (V2 + 1)3 + (V2 - 1)3;

? 6 2
b) Tinh gia tri ctia biéu thic A = 23y — zy? véi x = Cy = .
) s o 292244 29242+ V4
<. 2 -1 R 4 9
Bai 10. Cho P = il | Rat gon P roi tinh gia tri cia P v6i x = =7

3r+2y/x —1 4

B&i 11. Chobiéuthﬁ:eP:(ﬁJrQ—\/__z— A );x+5\/5+6.
V=2 Jr+2 44—z r—4

a) Rat gon P;

b) Tinh gia tri ctia P khi z = v/9 + 4v/5 — /9 — 4V/5;
¢) Tim z dé P = 2.

Bdil2.ChobiéuthfrcP:(ﬁ_1— VT +1 ),fﬁ—%—él\/ijts.
r—4 14/ +4 6v/7 — 18

a) Rut gon P;
b) Tim céc gid tri cia  dé P > 0;

c¢) Tim céc gid tri cia x dé P < 1.

B&i 13. Cho bidu thic P— _~ 12 4 V-1 _vo-1
rwr+1l x—yr+1 ax-1

a) Rut gon P;

b) Tim x dé |P| =

[GVRI

¢) Ching minh ring v6i nhiing gié tri ctia x lam cho P duge xac dinh thi P < 1.

1 x—\/f+6):(\/§+1_x—\/§—2).

Bai 14. Cho biéu thit P:(
O DICH BHTC Ji—1 T i—2 VIt+2 w412
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J J J
a) Rut gon P;
b) Tim gi4 tri nho nhat cia P;
r—1
x? + 8z
Bdi 15. Cho biéu thiic

(\/5+2 Vi —2 4x) T+ 5y/x+6
P= — — : )
V=2 Jx+2 4-—=x xr—4

¢) Tim x dé P - < —2.

a) Rut gon P.

b) Tinh gia tri ctia P khi z = v/9 + 4v/5 — v/9 — 4/5.

¢) Tim x dé P = 2.

d) Tim cic gid tri ctia z dé P < 3.
)

N 2 ., . ~ 2 2 2 ., . ~
e) Tim cac gia tri nguyén ctia x dé P c6 gia tri nguyén.

£ 3 Z 2
f) Biét Q = \/5—:-1 (v6i x > 0, x # —1). Tim gia tri 16n nhat cia bieu thic P - Q.
x

Bdi 16. Cho biéu thiic

(YTl 2y 5z 42\ 3Jr—=
Q‘(\/‘—z_\/EHJr 4—z )'x+4\/§+4'

a) Rut gon Q.

b) Tinh gia tri ctia Q khi 2 = 7 — 44/3.

¢) Tim x dé Q = 2.

d) Tim cac gié tri cia  dé Q c6 gia tri am.

Bdi 17. Cho biéu thiic
o r+2 N Vo —1 Vo —1
Syl z—Vr+l -1

a) Riit gon biéu thiic P.

b) Tinh gia tri cia biéu thic P khi z = /29 + 12v/5 — /24 — 81/5.
c¢) Tim gia tri nhé nhat cla biéu thitc P.

) 2
d) Tim z de |P| = 3

e) Chiing minh ring v6i nhiing gid tri cia x lam cho P dugc xac dinh thi P < 1.
Bdi 18. Cho biéu thiic

P (g ) (- ),

a) Rut gon P.

b) Tinh gia tri ctia P khi z = /7 — 4v3 + /5 + 2v6 — /3 — 2V/2.
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1. CAN THUC Trén dudng thanh céng, khéng cé dédu chan clia ké ludi biéng

y J/ J J

c¢) Tim gia tri ctia x dé P = /.
d) Tim gia tri nhé nhat cta P.

r—1

< —2.
22+ 8x

e) Tim x dé P -

Bdi 19. Cho biéu thic

P:(\/;—1_gg+\5f—2) : [1+(\/§—31)_(f/5+2) '
a) Rut gon P.

b) Tinh gia tri ctia P khi z = 6 — 2+/5.

1
2z’

d) Tim x € Z dé P c6 gia tri nguyen.

c¢) Tim gia tri cia z dé P =

e) Timz dé P <1—/z.
f) Tim gia tri nhé nhét cta P.
Bdi 20 (S& GD&DT Ha Ndi, ndm 2003-2004). Cho biéu thiic

p_ 2 —\/z 2x+\/5+2(3:—1)
N NG Vr—1’

v6i dieu kien z > 0 va x # 1.
a) Rut gon bicu thitc P.
b) Tinh gia tri clia biéu thitc P khi z = 9.
c¢) Tim gi tri ctia x dé P = 3.
d) Tim gi4 tri nho nhat ctia biéu thic P.
2 2 2 Z
e) Tim z de bieu thic Q = # nhan gia tri la s6 nguyén.
Bdi 21 (Chuyén Ha No6i, ndm 2004-2005 - Vong 1). Cho biéu thiic

(G- ) %)

a) Hay rit gon biéu thic P.
b) Tinh gia tri ctia P khi z = 3 — 2v/2.

¢) Tim x théa man P = /z + 1.

?P

JT

3 c6 gia tri 1a s6 nguyen.
x u—

e) Tim gia tri x € Z sao cho biéu thitc Q = P -
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y / J J
Bai 22 (S& GD&DT Ha N&i, nédm 2015-2016). Cho hai bidu thiic

r+3 Vr—1 5z —2

P: > =
\/5—2an \/E+27L r—4

véi x> 0; x # 4.
a) Tinh gié tri cia P khi 2 = 9.
b) Rit gon biéu thitc Q.
c¢) Tim gié tri ciia x dé Q = 2.

. P .
d) Tim gia tri cia = dé — dat gia tri nhé nhat.

Bai 23 (S& GD&DT Bdc Giang, nédm 2018-2019). Cho bidu thic

p= (21 s tern) Vi

véia >0, a # 1.
a) Rit gon biéu thitc B.
1 1 1
+ + .
1+v2  V2+V3 V342
¢) Tim gi4 tri clia a thda man a/a — 2y/a = 3B.
d) bat C = B(a—+/a+1). So sanh C' véi 1.

b) Tinh gia tri ctia B khi a =

s o 16 Lo . . B
e) Biét D = . +Va+ Ja Tim gia tri 16n nhat ctia D
Bdi 24 (S& GD&DT Ha Noi, ndm 2018-2019). Cho hai biéu thitc
4 1 2
_Vatd p 3Vat

Vz—1 T r+2yz-3 Ji+3
vl x > 0; xz # 1.
a) Tinh gid tri ctia biéu thitc A khi 2 = 9.
1
Vi1
T

¢) Tim tat ca cac gia tri clia @ dé 55715

b) Chiing minh B =

s

.. 2 2/ —9 Vr+3 2yr+1
Bai 25. Cho bieu thic A = — — > 4 .
di 25. Cho biéu thrtc To5/ii0 Vi-2 3- & (x>0, x#4, x#9)

a) Rit gon A. b) Tinh A khi z = 6 — 2/5.

c) TimxkhiA:—%. d) Tim = dé A > 0.

e) Tim z dé A < 1. f) Timz dé Az =—1.

g) Timz € Z dé A € Z. h) Tim gia tri nho nhat cta %

i) Tim x € N dé A I s6 nguyén duong 16n nhat.
j) Khi A + |A| =0, hay tim gia tri 16n nhét ctia biéu thitc A - /7.
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1. CAN THUC Trén dudng thanh céng, khéng cé dédu chan clia ké ludi biéng

y J/ J J

. 2 ) 2\/x N 3x—1—3) (2\/_—2 )
. = — | ——— - > .
Bai 26. Cho biéu thiic A (\/5+3+\/__3 po— N 1) (x>0, z#9)

a) Rut gon A.

b) V6i x thoa man A - (y/x — 1) = 1, hay tinh A.

¢) Tim z khi A = —%. d) Tim z dé A < —%.
e) Tim x dé A > —1. f) Timz dé A- (/2 —2) = —2.
N 2 N .z . 2, £ 2 x+7
g) Timz €Z de A € Z. h) Tim gié tri l16n nhat cla B
Bai 27. ChobiéuthﬁcA:(x_ﬁ+7+ ! ):(\/5+2—\/__2—6\/5)
r—4 Vo —2 Ve—=2 Jr+2 z-4
(x>0, v #4).
a) Ruat gon A. b) Tinh A vé6i x théa man 22 — 5z +4 = 0.
¢) Tim z khi A = 3. d) Tim x dé A > 5.
. . 2
e) Tim z dé A < VA. f) TimxdéA:g\/_m—+.

VT

g) Timz €Z dé AeZ. h) Tim gia tri 16n nhat cta

L
T
. .2 . _3\/E 99— \/__3 \/__2
B&ii 28. Ch h A:(x——l)i( B )
di 28. Cho biéu thiic o x+\/_—6+\/_—2 VI+3
(x>0, x #£4, v #9).

a) Rit gon A. b) Tinh A véi x = 7 — 4v/3.

¢) Tim z khi A = 3. d) Tim x dé A > 1.

e) Tim z dé A < /7. f) Tim z dé A+ |A] =0.

g) Timx € Z dé A € Z. h) Tim gi4 tri nguyén am 16n nhat cta A.

i) Gia sit ton tai VA, tim gia tri nhé nhit cia bidu thitc (z + 5)A.

. » 2 1 1
Bai 29. Cho bieu thic A = s + Vit _ Vs (x>0, x#1).
rr—1 zxz+r+1 z-1

a) Rit gon A. b) Tinh A véi x = 14 — 6/5.
. 1
¢) Tim = khi A= 1. d) Tima:déA<§.
. 2

e) TimxdéA>g. f) So sanh A va VA.

g) Timz € Z dé A€ Q. h) Tim gia tri 16n nhat ctia biéu thitc A.
. . 1 24/T — 2 1 2
B4 30. Clo bt e A = (- ) (-2

© DIeH T Jitl avi—vita—1) \Vz—1 z-1

(x>0, 2#1)
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J/ J J
a) Rut gon A. b) Tinh A v6i x théa man z — 3y/z + 2 = 0.
. 1
¢) Tim x khi A = - d)Tim:cdéA<§.
2 1
e) Tim z de A > o f) So sanh A va VA,

g) Timz € Z dé A € Z.
h) Tim gia tri nho nhat cta biéu thitc A(y/z + 3).

%_1) : (:c+225\/_5x—15_£12+§:2)‘

Bd&i 31. Cho biéu thic A = (
(x>0, z#9, x#25)

a) Rat gon A. b) Tinh A v6i x théa man x — 5\/x + 6 = 0.
¢) Tim x khi A = 1. d) TimxkhiA:g.

e) So sanh A va b. f) Tim z dé A < 3.

g) Tim z dé A > 2. h) Timz € Z dé A € Z.

i) Tim gia tri nho nhat ctia biéu thic A(y/z +5).

Bai 32 (Pé thi véo 10 mén todn chuyén, tinh Kién Giang, nédm 2018). Cho bidu thic

A:<x—\/§+2 ’ )'1_\/5(V61x>0;a:7é1;x7é4).

t—i—-2 z—-2Jz) 2—x
a) Rat gon A. b) Tinh A véi x théa man x = 23 — 8/7.
1
¢) Tinh A v6i x théa man z — 3\/z +2 = 0. d) Tim:vkhiA:—Z.
? 1 .
e) TimxdéA<—§. f) Tim x de A > —4.
g) So sanh A va —2. h) Timz € Z dé A € Z.

i) Tim gia tri 16n nhat ctia biéu thitc A(y/x + 3).

Bai 33 (Pé thi véo 10, chuyén Vinh Long, finh Vinh Long, nédm 2018). Cho biéu thitc
A_(:z;+3\/§—|-2_ 1 )L
o\ 2yz -8 VT —2/) "z

(v6ix >0vaz #£4).

a) Rut gon A. b) Tinh A v6i x théa man = = 14 + 6/5.
1
¢) Tinh A v6i x théa man 2z — \/x — 3 = 0. d) TimxkhiA:?.
” 1 2
e)TimxdéA>g. f) TimxdéA<§.
g) So sanh A va VA. h) Tim s6 chinh phuong = dé A € Z.

i) Tim gia tri 16n nhat ctia biéu thitc A.
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1. CAN THUC Trén dudng thanh céng, khéng cé dédu chan clia ké ludi biéng

Bai 34 (P& thi tuyén sinh véio 10 todn chuyén, tinh Béc Giang, ném 2018). Cho biéu thiic

A:(x+4ﬁ+4+x+\/§) : (\/51+1_1—1\/5) (véiz > O;2 # 1).

r+r—2 1—x
a) Ruat gon A. b) Tinh A v6i x théa man z = 17 — 12v/2.

¢) Tinh A vé6i  théa méan 2z —3y/x —5=0.  d) Tim x khi A = 3.

) 2 3
e) Tim z de A > 2. f) TimxdéA<ﬁ2+ .
g) So sanh A va VA, h) Tim z € Z dé A € Z.

i) Tim gi4 tri nho nhat ctia biéu thic A + (4y/x — 3).

1+ /2018
V2018

. L2 2x+1 \/E ) 1+ x3
. du thite C = - Va©
Bai 35. Cho bieu thic C (\/F—l P (14—\/5 NG

j) C6 bao nhiéu gia tri nguyén ctia x dé A >

a) Rut gon C.
b) Tinh gia tri ctia biéu thiic C khi z = 8 — 2/7.

c¢) Tim gié tri ctia x dé gia tri biéu thitc C' biang —3.
2 ? ]_
d) Tim gia tri cua x dé gia tri bieu thic C' 16n hon —3

e) Tim gid tri ctia o dé gia tri biéu thitc C' nhé hon 24/z + 3.

o . 1 1 2 ,
Bai 36. Cho hai bieu thic: A = \/E—+ wB=" + vl x > 0; x # 1.

VI —1 oV Va-1

a) Tinh gid tri ctia biéu thitc A tai x = 25.

b) Riit gon biéu thic B.
¢) Cho P = A- B. So sanh gia tri ctia biéu thitc P va 1.

Bdi 37. Cho biédu thic: A = v B=" 3 2

1
1+3v2 " 7-9  Vit3 3-v&

. 4
a) Tinh gié tri bieu thic A khi 2 = 9

véi x> 0,2 # 9.

b) Rt gon B.

B 2
c) ChoP:Z,timxdéP<3.

Bai 38.

1 _L).<\/5+1_\/E+2
Va—1 a/ \Va-2 a-1
b) V6i S = ﬂ - N. Chitng minh rang S < 1.

Vva+1
26/223 ‘
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J J J
¢) Tinh S tai a = 3 — 2v/2.

)
d) Tim a dé S < /a.
¢) Tim m dé S - m = 3 ¢6 nghiem.
f)y Tima €Z dé S € Z.
Bai 39.
a) Rut gonbiéuthﬁ‘cB:x_\/g\/EiG_f'i\‘/;_ ﬁ—l—;

1
b) V6i M = (/x + 1) - B. So sanh o véi 1.

(v6ix >0 vax #1; x #4).

¢) Tim x dé M < 4.
d) Tinh M tai z =6+ 4:/2.
e) Tim gia tri nho nhéat cia A = M - \/z v6i z > 4.

f) Tim m dé phuong trinh M - m = 1 ¢6 nghiem.

.. .z . 2 —5x ( NI 2\/x 3:c+9) <\/_—2 )
Bai 40. Cho h hic: A= ——va B = — . 1
di 40. Cho hai bieu thic it VA \/§—|—3+\/_—3 — 2 +

a) Tinh gid tri ciia bidu thic A khi 2 = v/19 4 8v/3 + /19 — 8y/3.
b) Rat gon B.

c) bat M = A- B. So sénh M va v M.

~ . ? 1

B&li 41. Cho céc biéu thic: A = ( ve 3 —1) : wp = tEVT s
VTS RN =) Ji—2 Ji—2

x # 4.

9
V341

a) Tinh gia tri biéu thiic ctia B khi z = /7 — 4V/3 +

b) Rit gon bicu thiic A.

¢) Tim m dé phuong trinh an x sau c6 nghiem: A (y/z +2) =m — z.

. 2 x 1 NS N7
86 42, i e A= 5 ) ()
ai Cho biéu thic A \/E—i—lvaB \/§—1+x—1 Jr—1

a) Tinh gia tri ctia bicu thitc A khi z =3 — 2/2.

b) Riit gon biéu thic B.

]. - - 5 2 4
¢) Cho M = B- 2\/\/5;_0—: 1 4+ I \/5\/; 7 Tim z nguyén de gia tri bieu thic M nguyén.

N~ ? _2 1 —4 -
Bai 43. Cho cac biéu thic: P = VT +\/5+ +x Ve 9; Q= VT +5
Vr—3 Jr+3 9—ux 3—Vx

véixz >0, 249

a) Rut gon bicu thitc P.

b) Tim x sao cho P = 3.

27 /223" m



1. CAN THUC Trén dudng thanh céng, khéng cé dédu chan clia ké ludi biéng

y J/ J J

2 1
c) Dat M = P: Q. Tim gia tri ctua x dée |M]| <§.

- 1 - —2
Bdi 44. Cho cac biéu thitc A = 3V =6 —{—\/_ 3 va B = Ve vl x > 0;x # 4
=2/ 2-VI E Vi +1

a) Tinh gia tri ciia B khi z =4 (v/9+4v5 — /9 — 4V5).

b) Riit gon biéu thic A.

. . 2
¢) Tim céc s nguyén = de VAB < 3

B&i 45 (P& HSG Todn 9 ném 2018, Kién Giang). Riit gon biéu thic sau

X = \/1+ + = +\/1+1+1+\/1+1+1+ +\/1+ S
2 " 3 3242 20172 ' 20182

Bdi 46 (D& HSG Todn 9 nédm 2018, Quang Ninh). Riit gon biéu thic

V24 V7T+2V10+ /374 - 392 -1
Vo +V2+1

Bai 47. Dit m = \3/1 +2+ \3/1 — /2. Tinh gia tri ctia biéu thic (m? + 3m — 1)100.
Bdi 48 (P& HSG Todn 9 ndm 2018, Ha Giang). Choz = /4 + v7—v/4 — /7. Tinh A = (z* — 23 — 2% +

Bai 49 (De HSG Todn 9 ndm 2018, Tuyén Quang). Cho \/3 + \/_\%\/3 . Tinh P =
(1 + Bp2015 _ x2017)2018.
3
Bai 50 (D& HSG Todn 9 n&m 2018, Tay Ninh). Cho = — (\ig “DVI6+8V5 s bidn
V10 +6v/3 —
thitc A = (772% + 35z + 646)27.
) 10+ 6v3(V3-1)
B&i 51 (Pé HSG Todn 9 nam 2017, H&i Phong). Cho z = . Tinh gia tri ctia
V6 +2v5 —

biéu thiic: P = (1222 + 42 — 55)2017.
B&i 52 (Pé HSG Todn 9 ndm 2013, Ha Tinh). Tinh gia tri ctia biéu thic M = (z — y)*+3 (z — y) (zy + 1)

biét
= V342v2— V3 - 2v2 y = V17 +12v2 — V17 — 12V2.

B&i 53. Riit gon bidu thitc A = va? 1 1 + \/2 (Va1 —a) (Va®+1-1), v6ia>0.

B&ii 54 (Pé thi véo chuyén DHSP Ha N&i ndm 2012, vong 1). Cho biéu thiic
_( Va—b a—1b ) a® + b?

7 v6i a > b > 0. Rit gon bicu thiic P.
a/ —

_|_
va+b++va—-b Va?-0—a+b
B&i 55 (Dé thi véo Chuyén DHSP Ha Ndi ndm 2013, vong 1). Cho biéu thiic

a—2>b °
Q(m> PRV e
B 3a2 + 3b\ab av/a — by/a

Chting minh ring gia tri biéu thitc Q khong phu thuoc vao a, b.

v6i a > 0;b0 > 0;a # b.
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Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J J J

Bai 56 (P& HSG Todn 9 nédm 2018, B&c Ninh). Rit gon bidu thic

b Vi+2ve—1+z -2z —1
Ve+v2e—1—+vz—+v2x—1

Ba&i 57 (P& HSG Todn 9 nédm 2018, Pdng Nai). Cho a, b, ¢ la ba s6 thuc duong théa ab+be-+ca =
1. Tinh gié tri bicu thic

P:a'\/(1+b2)(1+c2)+b.\/(1_}_02)(1_‘_a2>+c'\/(1+a2)<1+b2).

14 a? 14 02 1+¢2

v6i dieu kién x > 2.

.~ X P - 2. xz_ﬁ 'T2+\/E
Bai 58 (Pé HSG Todn 9 nam 2018, Hai Duvong). ChOA_x+\/§+1+g;—\/E+1'
1

RﬁtgonbiéuthacB:1—\/2A—4\/§+1vaiogxg;l.

Ba&i 59 (P& HSG Todn 9 nédm 2013, Pa Nang). Cho bidu thic
B \/n+1—1+\/n+1+3_ n—vn-+1+7
C Vn+141 Vn+l1-3 n-2yn+1-2

P

6in e N, 8.
nt3vnrirl o n#
Bai 60 (Pé HSG Todn 9 ndm 2013, H&i Duong). Cho biéu thic
Ve+4Ve —d4+z -4z —4

8 16
l——+—
r
nguyen.

Bai 61 (Pé thi vaio I6p 10 Chuyén PHSP Ha Nbi, ndm 2015, Vong 2). Cho @ > 0, a # 1. Rit
gon biéu thiic

S = /6 4v2.3/20 + 142 + Y(a+3)va—3a—1: [#__11)—1].

véi n € N,n # 8 Riat gon biéu thic Q =

A= . Rit gon A. Tim céc gia tri nguyén ciia x dé A c6 gia tri

Bd&i 62 (Pé thi TS 10 chuyén PHSP Ha N6i nédm hoc 2010 - 2011, vong 2). Ching minh ring v/20092 -

14 mot s6 nguyén duong.

Bai 63 (Dé HSG Todn 9 nam 2013, Qudng Ninh). Chiing minh déng thic

Bai 64 (Dé thi TS 10 chuyén PHSP Ha No&i ndm hoc 2010 - 2011, vong 2). Gia stt a va b 1a hai
s6 duong khac nhau va théa man a — b = /1 — b2 — /1 — a2. Chitng minh rang a? + b* = 1.

Bai 65 (P& HSG Todn 9 nédm 2018, Hung Yén). Cho hai s6 thuc duong a, b théa man % + % =

1 3 ) N
013" Ching minh rang

Va+b=+va—2018 + b — 2018.

Bdi 66. Cho biéu thiic:

Vo —1 2 —2\/z ) ( VI +2 2 ) »
A (x—l +x\/5—|—x—\/5—1 r+yr—-2 -1 vilz 20,27

a) Rut gon A.

b) Tinh gia tri cia A khi:
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y J/ J J

a) r=06—4v/2;
90:%(\/9-1-\/8_—\/9—\/@);

c) = V10 + 63 + \3/10—6\/5;
Hor=—>t_r Lt oy 1
1+v3  V3++5 V79 + V81
e) x la nghiém ciia phuong trinh /222 — 3z — 5 =2 — 1;
f)  1a nghiém ctia phuong trinh |2z — 6] = 3z + 1;
g) x la gid tri lam cho biéu thitc M = /z(1 — /) dat gia tri 16n nhat.

¢) Tim x dé:

a) A= b) |A| = A; c) A2+ A <0.

1 .
67
d) So sénh:

Vi3

A véi 1; b) A véi bieu thite N = :
a) A voéi 1; ) A v6i bieu thic N

2 2 2 . .
e) Tim z nguyén duong deé bieu thic 1 nhan gia tri nguyén.
f) Tim x thyc dé A nhan gia tri nguyen.
g) Tim gia tri nhé nhét ctia bieu thiec:

pe

vél z > 1.

ME

A
a) P=A(x —x —2); b)Q:_x+3\/__2V610§ c) R=
r < 4;

h) Tim gia tri 16n nhat ciia biéu thic:

a) B=2— A b) C = voi x> 1.

A
Vo +7
i) Tim 2 théa man A(y/z +1) — (2v6 — 1)y/z =22 — 2y/z — 5 + 1.

Bdi 67. Cho biéu thic:

2z + 1 NZ )(1+x\/§ ) 2-2/r . .
B:( - - ———— v6ix >0 1.
zr—1 z4+x+1 1+ z VI )+ VT VoL vz

a) Rut gon B.
b) Tinh gia tri clia biéu thic B khi:
a) r=7— V/48;
b) z =11+ 6v2+ V11 — 6v2;
¢) x=V2+T7—V5/2-T;
)

1 1 1
TTvi VitvE e Vi
e) x la nghiém ctia phuong trinh: va? — z + 2 = x;
f) x la nghiém phuong trinh |z — 1| = |2z — 5|;
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g) @ la gid tri lam cho biéu thitc P = x — 4/z + 6 dat gia tri nhd nhat.

¢) Tim z dé:

.y
a) B =0; b B4 YTy
NI
d) So sénh:
a) B voi —2; b) BvéiC:@.

e) Tim 2 dé B nhan gia tri nguyén.
f) Xét dau biéu thic T = B(y/z — 1).

g) Tim gia tri nhé nhat ctia biéu thic:
a) B; b) 9 = B\/x; c) E=

h) Tim gi4 tri l6n nhat ctia bicu thiec:
a) G =-3— B; b) @ =1— By/z.
i) Tim z théa man By/T + (2v3 + 3)yZ = 3z — 4v/z + 1 + 10.
Bai 68. Cho biéu thic

O_( T+ 2z N 2 ) (\/5—1 2T 42
S \z+4/r+4 44—/ \z—2yx x4+

)V61x>0,x7é4véa77é9.

a) Rut gon C.

b) Tinh gia tri cia biéu thiic C' khi:

V14v2 +20 — V/14v2 — 20 — 1;

8
I

1 1 1
TievE VBRI VAL
e) x la nghiém cia phuong trinh: V22 — 2 =z — 1;
f) x 1a nghiém cta phuong trinh: |z — 3| = 3;
g) x la gia tri lam cho biéu thic M = —x + 3\/x + 5 dat gia tri 16n nhat.

)

b) z =11+ 3vV8+ V11 — 3/8;
)
)

8

¢) Tim z dé:
a) C? < 0; b) |C| =—-C.

d) So sanh C véi biéu thitc 2 = \/x khi z > 9.

2 2 20
e) Tim x deé bieu thitc £ = —= nhan gié tri nguyén.

N
f) Tim gid tri nho nhat cua:

(a) Biéu thitc C v6i x > 9;

y J/ J J
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. C
(b) Bieu thic [ = ———=v6i 0 <z <9,z # 4.
/T
) Tim gia tri 16n nhat ctia biéu thiic N ¢
im gia tri 16n n lla bieu =
& sla th Ve—1+C

h) Tim x théa man (2v/2 + C)y/z —3C =3z — 2y/x — 1 + 2.

y 4/ J J
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Bir2. HE PHUGNG TRINH BAC NHAT HAI AN

A-TOM TAT LY THUYET

1) Phuong trinh bac nhét hai an 1a phuong trinh ¢6 dang az + by = ¢ trong d6 z, y 1a an; a, b, ¢ 1a
cac s cho trude, a va b khong dong thoi bang 0.

2) Phuong trinh bac nhat hai an az + by = ¢ luén luon c6 vo s6 nghiém (x;y). Cong thiic nghiem
tong quat 1a

r=teR m:C—bt
c—at hoac a

y=— vGi b # 0 y=tcR

véia # 0

Cha 9: Phuong trinh ax + by = ¢ ¢6 nghiem nguyén khi va chi khi ¢ chia hét cho UCLN(a; b).

3) He phuong trinh bac nhat hai an c6 dang:

) {a:c—l—by =c

adr+by="c.

trong d6 a va b ciing nhu o’ va b’ khong dong thoi bang 0.
Véi a'b'd = 0 ta dé dang dua duge vé cac truong hgp dic biet da biét.
Véi a'b'd # 0 thi:
- . . 2 . a b
®@ Heé (I) ¢6 nghiem duy nhat khi izl
. R . .a b ¢
®@ He (I) vo nghiem khi iRt
b ¢

®@ Heé (I) ¢6 vo s6 nghiém khi % =y =

4) Céc phuong phép giai hé phuong trinh:

a) Phuong phap thé
®@ Dung quy tic thé bién doi hé phuong trinh da cho dé duge mot hé phuong trinh méi, trong
dé6 c¢6 mot phuong trinh mot an.
® Giai phuong trinh mot an vita ¢, roi suy ra nghiém ctia hé da cho.
b) Phuong phap cong dai s6
® Nhan hai vé ctia méi phuong trinh v6i mot s6 thich hgp (néu can) sao cho cac hé sb cia
mot an nao dé trong hai phuong trinh ctia hé bing nhau hoac déi nhau.

@ Ap dung quy tic cong dai s6 dé duge he phuong trinh méi, trong d6 c6 mot phuong trinh
ma he s6 ctia mot trong hai an bang 0 (tic 1 phuong trinh mot an).

@ Giai phuong trinh mot an vita thu duge roi suy ra nghiém ctia hé da cho.

y J/ J J
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34/223 ‘

B- CAC DANG TOAN

& Dang 1. Gidi hé phuong trinh bdng phuong phdp thé

Dé giai hé phuong trinh biang phuong phap thé ta thuc hien theo cac bude sau:

Buéc 1. Biéu thi mot an (gia sit an 2) theo an con lai (an y) tit mot trong cic phuong trinh ctia
he.

Budc 2. Thay biéu thiic clia 2 vao phuong trinh con lai rdi tim gia tri ctia y.
Buéc 3. Thay gia tri y vita tim dude vao biéu thic ctia = dé tim gia tri cla .

Budc 4. Két luan nghiém ctia hé phuong trinh

$> Vidu 1. Giéi cac hé phuong trinh sau bang phuong phap thé

dor 4+ 5y =3 Tr—2y=1
a) B b) -
x— 3y =5. 3r+y=6.

) {5x+3y:1 Q) {x—ky\/g:O
c
2r+y=-L V5 +3y =1— 5.

® Loi gidi.

y J/ J J
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y 4/ J J

$> Vidu 2. Giai cac hé phuong trinh sau bang phuong phap thé

r—y=3 2 +y=17
a) b) N
3r — 4y = 4; —x + 4y = 10.
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Trén dudng thanh cong, khéng cé ddu chan cla ké ludi biéng

y J/ J J

& Dang 2. Gidi hé phuong trinh béing phuong phdp cdng dai sé

lai.

Dé giai he phuong trinh bang phuong phap cong dai s6 ta thuc hién cac bude sau:

Buéc 1. Nhan ci hai vé clia cac phuong trinh trong hé véi s6 thich hgp (néu can) dé dua hé da
cho vé hé méi, trong d6 cac he s6 clia mot an nao do bang nhau (hodc déi nhau).

Bué6c 2. Trit ( hosic cong ) ting vé clia cac phuong trinh trong heé méi dé khit b6t mot an.
Buéc 3. Giadi phuong trinh mot an vita thu duge.

Budc 4. Thay gié tri tim dugce clia an nay vao mot trong cac phuong trinh ctia hé dé tim an con

Buéc 5. Két luan nghiém ctia hé phuong trinh.

2z + 3y = 11.

) {m—?)y:l

) 3+ 4y =18
¢
dr — 3y = —1.

$> Vidu 4. Giai cac hé phuong trinh sau bang phuong phap cong dai sb.

2r —y =3
b){m g
r—y=1

d \/ga:—\/ﬁyzl
{\/51:—#3\/33/24\/6.

 Loi gidi.
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y 4/ J J

$> Vidu 5. Giai cac hé phuong trinh sau bang phuong phap cong dai s6

T—y=2 Tr+4y =74
a) b
3z + 2y = 32.

¢ Vidu 6. Giai cac hé phuong trinh sau:

a){(\/§+1)x+(\/§—1)y=\/§ b) {x\/g—y\ﬁzl
23 -7 —2y=3V3+1 V2 +yV3 =13

& Dang 3. Gidi hé phuong trinh bdng phuong phép dat én phu

‘ ¢ Vidu 7. Gidi cac hé phuong trinh ‘
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Trén dudng thanh cong, khéng cé déu chan ctia ké ludi biéng

y 4/ J J

1 1
SR 23 _ i — 1 T1+—£§:w
T z — T T —
) 93 4 y DE ST ) o Y3y »
r y 20—y ax+y r+1 y—-3
® Loi gidi.
¢ Vidu 8. Giai cac hé phuong trinh.
1 1 1
e[
T T — y— T
43 AT 3 991 "
2yl 2 4y ==
x+ z—2 y-—1 6z by 15
® Loi gidi
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y 4/ J J

& Dang 4. Hé phuong trinh chita tham sé

$> Vidu 9. Cho hée phuong trinh (m 1a tham s6)

x+my=1 (1)
(5Gm+2)z+3y=m—2. (2)

Giai va bién luan hé phuong trinh theo m.

® Loi gidi.
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y 4/ J J

$> Vidu 10. Cho hé phuong trinh (m 1a tham s6)

{39[; +my =2 (1)
z+Bm—-2)y=m. (2)

Giai va bién luan hé phuong trinh theo m.

T+ my =2

. Tim tat ci céc gia tri ctia tham s6 m dé hé c6
me+y =3

> Vidu 11. Cho hé phuong trinh {

nghiém duy nhat.

z+y=1
ar + 2y = 0.
Tim tat ci cac gia tri clia tham s6 a dé he vo nghiem.

$> Vidu 12. Cho hé phuong trinh {

® Loi gidi.
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y 4/ J J

. 3 =y
$> Vidu 13. Cho hé phuong trinh {mx omy

2m’z 4+ 6miy = m.
Chitng minh rang hé vo nghiém v6i moi gia tri ciia tham s6 m.

® Loi gidi.

2c —y=m

mx + \/§y =m.
Tim tat ci cac gia tri clia tham s6 m dé hé c6 vo sd nghiem.

$® Vidu 14. Cho hé phuong trinh {

® Loi gidi.

3z + (m* 4 1)y = 5m — 10
— 92 + (=3m? — 3)y = —15m + 30.
Chitng minh rang hé c¢6 vo s6 nghiém v6i moi gia tri clia tham s6 m.

$® Vidu 15. Cho hé phuong trinh {

® Loi gidi.
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y 4/ J J

(e+1l)x—y=a+1
r+(a—1y=2
ctia tham s6 a sao cho hé c6 nghiém nguyen.

v6i tham s6 a. Tim tat ca cac gid tri nguyén

> Vidu 16. Cho hé phuong {

 Loi gidi.

204 (a—2)y=a+1
(a+2)x—2y=3
tham s6 a sao cho hé c6 nghiem duy nhat. Trong cac gia tri d6, tim gia tri ctia a dé tong = +y
dat gia tri 16n nhat.

$> Vidu 17. Cho hé phuong { v6i tham s6 a. Tim tat ci cac gia tri cla
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y J/ J J

C-BAI TAP TU LUAN

Bai 1. Giai cac hé phuong trinh sau bang phuong phap cong dai sd

) 3r+y=3 b) 8r —Ty =5 0 5(x+2y) =3z —1
20 —y="T. 12z + 13y = —8. 2 +4 = 3(z — by) — 12.

Bai 2. Giai cac hée phuong trinh sau bang phuong phap thé

Tr—3y=5 Vi —y =+5(V3-1) 1,72 — 2y = 3,8
a) B b) c B
doe +y=2. 2\/595—1—3\/33/ = 921. 2,1x + 5y = 0,4.

Bdi 3. Giai cac he phuong trinh sau bang phuong phap dat an phu
5 7 7 5

———-=9 — =45

Ty r—y+2 z+y—1
Y94 9 b) 3 2

—+ - =35. + =

x oy r—y+2 x+y—1

Bai 4. Bién luan theo a hé phuong trinh sau

(2a+1)x —y =2
T+ 2y =3.
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y J/ J J

rT—2y=3—m

Bai 5. Cho hé phuong trinh
2z +y =3(m+2).

a) Giai heé phuong trinh khi m = —1;
b) Tim m dé hé c6 nghiem duy nhat (x;y) sao cho S = 2% + 32 dat gid tri nhé nhat.

. —y=3
Bai 6. Cho hé phuong trinh me=y
20 +my = 9.

a) Giai hé phuong trinh khi m = 1;

b) Tim gia tri nguyén ctia m dé hé c6 nghiem duy nhat (z;y) sao cho biéu thiic A = 3z — y nhan
gia tri nguyeén.

Bai 7. Giai cac hé phuong trinh sau:

(1 2 (4 1
a) } 2 y+1 r—2 x+4+2
2 1 <) { 1 9
Z__ - _3 _ - _
o y+1 lz—2 x+2y
(4 (x—1 —2
N 9 _ 4 x Y _
b)<2x+1 y—1 d) 20+1  y+2
3 2 13 3x—3+2y—4_3
(22 +1 y—1 6 (22 +1  y+2

Bdi 8. Giai cac hé phuong trinh sau:

(3 1 _o (1 1 _5
) NG y—1 Q) Vi—1 y+2
1 1 3 2
— 4 =1 + J—
(VT y—1 (Ve —1 y+2
(1
2=3 —r—
b)<$+y+ " (f2 1_1 ; y:%
-9 T+ T4y
R EEE DV 3 stety
S ; L Vz+1 r+y
+ =5
V2r+1 y—2
C)< 1 2 3 f) {|x+2|+4\/y—1:3
V2r+1 Jy—2 @ 2 3le+2 —2y/y—1=2

Bai 9. Giai cac hé phuong trinh sau:

) 3x+1)+2x+2y) =4 v 2

a

Yz+1)—(z+2y) =9 d) r—1 y+2

2x _ 1 B

S r—1 y+2
r+y y—1

b) 1 9 1 ) VI+2\/y—1=5

- = €

r+y y—1 4 —\Jy—1=2

) {2 r+y)+Ver+1l=4 B 4z —|y+2| =
(x+y)—3vVr+1=-5 T+2y+2[=3
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y J J J
X 2 . e 2 . 2y =
B&i 10 (D2 thi vao 10, $& gido duc Béc Ninh, 2016). Cho hé phuong trinh {; Zg ”; véi m
T Yy =

1a tham so.
a) Giai hé phuong trinh khi m = 0.

b) Tim m dé hé phuong trinh ¢6 nghiem duy nhét (z,y) sao cho z v& y 1 hai nghiém ctia phuong
trinh 2 — (3m — 1)t + m* + 9m — 13 = 0 v6i ¢ 14 an s6.

Bai 11 (Pé thi vao 10, $& gido duc Lao Cai, 2016). Cho he phuong trinh

2r4+y=3
{ _ )
rT—2y=m
a) Giai he phuong trinh (/) khi m = —1.
b) Tim m dé hé phuong trinh (I) ¢6 nghiém duy nhat (z;y) sao cho z > y.

Bai 12 (Pé thi vao 10, $& gido duc Vinh Phic, 2016). Cho hé phuong trinh
{mx —y=1
2v+my =4
v6i m 1a tham s6.
a) Giai hé phuong trinh khi m = 1.

b) Tim tat ca cic gid tri ctia m dé hé phuong trinh ¢6 nghiém duy nhat (z;y) thoa man x +y = 2.

Bai 13 (P& thi Todn 9 Hoc ky 1 ndm hoc 2017-2018, Thdi Binh). Cho hé phitong trinh {Zw Jy’ g:;” '
(v6i m 1a tham s6).
a) Giai he v6i m = 3.
b) Chiing minh ring v6i m # —1 hé phuong trinh c6 nghiem duy nhat (x;y). Khi d6 tim gia tri
nhé nhét ctia biéu thic Q = 22 — 2y + 10.
Bai 14. Cho hé phuong trinh v6i tham s6 m sau day

{mx + 9y =2m ()

r+my=m+ 1.

Giai va bién luan hé phuong trinh theo m.

.. r+my=1
Bai 15. Cho hé phuong trinh { Y
mr —y = —m.

a) Chiing minh rang véi moi gia tri ctia m thi hé phuong trinh da cho luon ¢6 nghiem duy nhét.
b) Tim hé thic lién hé gitta x va y khong phu thudc vao gia tri ctia m.

Bai 16 (Pé thi vao I6p 10 nédm hoc 2018 - 2019, Lao Cai). Cho hé phuong trinh

T+ ay = 3a
—ar+y=2—a?

(*)

v6i a 1a tham sb.

45/ 223"
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y J/ J J

a) Giai hé phuong trinh (*) khi a = 1.

b) Tim a dé hé phuong trinh (%) c¢6 nghiém duy nhat (z;y) théa man Y 3 1a s6 nguyen.

x? +
Bai 17 (Dé thi vao I6p 10 ndm hoc 2016 - 2017, BAc Ninh). Cho hé phuong trinh
T+2y=m
20+ 5y =1

v6i m 14 tham so.
a) Giai hé phuong trinh khi m = 0.

b) Tim m dé hé phuong trinh c6 nghiem duy nhét (z,y) sao cho z v& y 1 hai nghiém ctia phuong
trinh 2 — (3m — 1)t + m* + 9m — 13 = 0 v6i ¢ 1a an s6.

Bai 18 (Dé thi vao I6p 10 nam hoc 2016 - 2017, Vinh Phic). Cho hé phuong trinh
{ma: —y=1
20 +my =4
v6i m 1a tham s6.
a) Giai hé phuong trinh khi m = 1.
b) Tim tat ca cac gia tri ctia m dé he phuong trinh c6 nghiém duy nhat (z;y) thdéa man r +y = 2.
Bai 19 (Dé thi vao I6p 10 nam hoc 2016 - 2017, Lao Cai). Cho hé phuong trinh

20+y=3
{ _ ()
T —2y =m.
a) Giai hé phuong trinh (7) khi m = —1.
b) Tim m dé he phuong trinh (1) c6 nghiem duy nhat (z;y) sao cho z > .

Bdi 20 (Dé thi véio I6p 10 ndm hoc 2017 - 2018, Ca Mau). Cho hé phuong trinh

r+y=m
mx +y = 1.

a) Giai hé phuong trinh khi m = 2.
b) Xac dinh gia tri ctia m dé duong thang y = —x +m cit duong thang y = —ma + 1 tai mot diém
nam trén parabol y = —222.
B&i 21 (Pé thi vao I6p 10 nédm hoc 2014 - 2015, H&i Duong). Cho he phuong trinh

r+y=3m+2
3r—2y =11 —m.

Tim m dé he da cho c6 nghiém (z;y) théa man 22 — y? dat gia tri 16n nhat.

Bai 22 (Dé thi vao I6p 10 nam hoc 2014 - 2015, Thai Binh). Cho hé phuong trinh
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y J/ J J

a) Giai hé phuong trinh khi m = 2.
b) Tim m dé hé phuong trinh c¢6 nghiém (z;y) théa man = > 2, y > 1.
Bai 23 (Pé thi vao I6p 10 nadm hoc 2007 - 2008, Ba N&ng). Cho he phuong trinh

(m+1)z—y=3
mr +y=m.
a) Giai hé phuong trinh khi m = —2.

b) Xéc dinh tat cad cac gia tri cia m dé hé phuong trinh c6 nghiém duy nhéat thoéa man diéu kien
r+y>0.

ar +y=1

, trong d6 a, b 1a tham s thuyc.
ar + by = —5

Bai 24. Cho hé phuong trinh {

a) Giai hé phuong trinh trong trudng hop a =2 va b = 3.
b) Giai va bién luan nghiém ctia hé phuong trinh theo a va b.
Bai 25 (Pé thi tuyén sinh 16p 10 ndm hoc 2017-2018, Vinh Phuc). Cho hé phuong trinh

r—2y=3—m (1)
20 +y =3(m+2) ’

v6i m 1a tham s6 thuc.
a) Gidi he (1) véi m = 2.
b) Tim tat cac gid tri ctia m dé hé (1) c6 nghiem duy nhat.
c¢) Tim gia tri nho nhat ctia biéu thic A = 22 + 2, trong d6 (z;y) 1 nghiém duy nhat ctia hé (1).

20 +my =5

(1), v6i m la tham s6 thyc.
3r—y=0

Bai 26. Cho hé phuong trinh {

a) Giai he (1) khi m = 1.
b) Tim tat ca cac gia tri ctia m dé he (1) c6 nghiém (z;y) thdéa man hé thiic:

.I—y—i-m:—ll. (*)

r+my=4

Bai 27. Cho hé phuong trinh { (1), v6i m la tham s6 thyc. Tim tat cd gia tri cia m

mr —y =3
dé he (1) c6 nghiem (z;y) théa man x > 0 va y > 0.
Bai 28 (Pé thi tuyén sinh 16p 10 ndm 2013-2014, Hai Phong). Cho hé phuong trinh

rT+2y=m-+3
( "

20 — 3y =m
v6i m 1a tham s6 thuc.
a) Giai he (1) khim = 1.

b) Tim tat ca cac gia tri m dé hé (1) c6 nghiem duy nhat (z;y) thda man z +y = —3.
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Bai 29 (Dé thi tuyén sinh I16p 10 ndm 2013-2014, Lao Cai). Cho hé phuong trinh

{(m—l)x+y:2

(1)7

mr+y=m-+1

v6i m 1a tham sb thuec.
a) Gidi he (1) khi m = 2.

b) Chitng minh rang véi moi gia tri ctia tham s6 m thi hé (1) luon ¢6 nghiem duy nhat (z;y) thoa
man 2z +y < 3.

Ba&i 30 (Pé thi tuyén sinh I6p 10 ndm 2014-2015, Héa Binh). Cho hé phuong trinh

)

20 +y=5m —1
T —2y=2

v6i m 14 tham s6 thiye. Tim tat ca cac gia tri cia m dé hé phuong trinh c6 nghiém (z;y) thoa man

2 —2y% = —2.

(m+1z+my=2m-—1

9 v6i x 1a an va m 1a tham s6.
mr —y=m-"—2

Bai 31. Cho hé phuong trinh {

1) Giai hé phuong trinh khi m = 1.

)
2) Tim m dé he phuong trinh c6 nghiém 1a (z;y) = (2; —1).
3) Chiing minh hé phuong trinh luon ¢6 nghiém duy nhat véi moi m.
4) Véi (z;y) 1a nghiem duy nhat ctia he, tim hé thitc lien he gitta z vd y khong phu thuoc vao m.
5) Goi (z;y) 1a nghiém duy nhat ctia he phuong trinh. Hay tim m dé

a. V2r+1=y; b. |z —y| =4 —m;

c. |z| =2lyl; d. Biéu thitc P = zy dat gia tri 16n nhat.

e. Dong thai m va biéu thic Q = r cting nhan

gia tri nguyeén. !

6) Trong hé truc toa do Oxy, xét diem M (z;y) trong d6 (z;y) 1a nghiem duy nhét ctia hé phuong
trinh, hay
a. Ching minh M luon thuoc mot duong théng c¢b dinh;
b. Tim m dé M nim trén dudng tron cé tam la gbc toa do va ban kinh bing 1;

Tim m dé M thuoc géc phan tu thi nhat;

Tim m dé ba diém M, A(1;3) va B(0;1) thang hang;

e. Tim m dé chu vi hinh chit nhat OHMK c6 gia tri nhé nhat trong d6 H, K lan lugt 1a hinh
chiéu ctia M len cac truc toa do Oz, Oy.

/o

7) Cho cac dudng thing
di: (m+1Dx+my=2m—1,dy: mex—y=m?>—-2,d3:3x+y—1=0.
Tim m dé 3 dudng thang dong quy.

mx +2my =m + 1

v6i z 1& an va m 1a tham sd.
r+(m+1)y =2

Bai 32. Cho hé phuong trinh {
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y J/ J J

1) Giai hé phuong trinh khi m = —3.

2) Tim m dé hé phuong trinh c6 nghiem la (z;y) = (1; —1).

)
)

3) Giai va bién luan hé phuong trinh theo m.

4) V6i z,y la nghiém duy nhat ctia hé, tim hé thic lien he gitta z va y khong phu thuoc vao m.
)

5) Goi (z;y) 1a nghiém duy nhat ctia hé phuong trinh. Hay tim m dé

1
a. 22 +y? =2 b. V2mx+1=—;
Y

c. |z —2y|=5; d.y<2r-—-1;
e. Biéu thitc P = 22 +9? dat gia tri nhé nhat. f Dong thoi m va (z;y) cing nhan gia tri

nguyeén.

6) Trong hé truc toa do Oxzy, xét diem M (z;y) trong d6 (z;y) 1 nghiem duy nhét ctia hé phuong
trinh. Hay
a. Chitng minh diém M (z;y) luon thuoc mot dudng thang co dinh;
b. Tim m dé diém M (z;y) thudc goc phan tu thi ba;

Tim m dé ba diém M (x;y), A(1;2), C(—1; —4) thang hang;

Tim m dé AB = 1 trong d6 A, B lan lugt 1a hinh chiéu ctia M (z;y) lén cac truc toa do Ox va
Oy.

/0

7) Cho cac dudng thang:
di:mr+2my=m+1,dy:zc+(m+1)y=2,d3: 20 —y = 1.
Tim m dé ba duong thang dong quy.
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y J J J
Bii3. PHUONG TRINH BAC HAI MOT AN

A-KIEN THO'C CAN NHO

1) Phuong trinh bac hai mot an 1a phuong trinh c6 dang

az® +bxr +c¢=0 (a #0) (1)
trong d6 x 1a an; a, b, ¢ 1a céc s6 cho trudc.

2) Cong thitc nghiém:

Cong thitc nghiém tong qudt Cong thic nghiém thu gon
Budc 1: Tinh A = b* — 4ac Bude 1: Tinh A’ = b — ac véi b = 2b
Bude 2: Xét dau ctia A Budc 2: Xét dau cia A’
®@ Néu A < 0 thi (1) vo nghiem. ® Néu A’ < 0 thi (1) vo nghiém.
® Néu A = 0 thi (1) c¢6 nghiem kép ® Néu A’ =0 thi (1) c6 nghiem kép
b b
2a a
®@ Néu A > 0 thi (1) ¢6 hai nghiém phan ® Néu A’ > 0 thi (1) ¢6 hai nghiém phan
biét biét
—b+ VA b+ VA
Tig=—F - Tig=—"T—".
2a a
3) He thitc Vi-ét va ting dung:
. il —+ To9 — ——
@ Néu 1, 7 14 hai nghiém ctia phuong trinh az? + bx + ¢ = 0 (a # 0) thi c a
T1+-Tog = —.
a
T+ X9 = S
@ Dao lai, néu c6 hai s6 x1, 19 ma { o1 -2y = P thi 21, 75 13 hai nghiém ctia phuong trinh
S?—4P >0

2 —Sx+ P =0.
Ap dung:

® Nham nghiém ctia phuong trinh bac hai mot an az? + bx + ¢ =0 (a # 0):

o

— Néu a + b+ ¢ = 0 thi phuong trinh c¢6 nghiem z; = 1; 25 = —.

S|

— Néu a — b+ ¢ = 0 thi phuong trinh c¢6 nghiém z; = —1; 25 = —E.

a
@ Tinh gia tri cia biéu thiic déi xting ciia cdc nghiem va xét dau cac nghiem ma khong can giai
phuong trinh (néu phuong trinh c6 nghi¢m):

2 4 42 (1 + >2 9 (b)2 2c
— ai x5 = (21 +x2) —2xy22 = | —— ) — —.
1 2 1 2 142 a a
_1 I zp+x b ¢ b

T, Ty  mIry  a a ¢

— Phuong trinh (1) ¢6 hai nghiem trai dau < a - ¢ < 0.
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y J/ J J

(a #0
A>0

— Phuong trinh (1) ¢6 hai nghiem duong < ¢ p — £ < g
a

b
S=—>0.

\ a
(a #0
A>0
— Phuong trinh (1) ¢6 hai nghiem am < ¢ p — € <

a
b
S=—-——<0.

\ a

4) Giai phuong trinh quy vé phuong trinh bac hai:
Cach 1: Dua vé phuong trinh tich.
Cach 2: Dat an phu.

5) Giai phuong trinh chita an trong dau gia tri tuyét doi:
Ta c6 thé khit dau gia tri tuyet d6i bing hai cach:
Cdch 1: Xét dau ctia biéu thiic trong dau gia tri tuyet déi

A Anéu A >0
]l —AnduAd<o0

Cach 2: Binh phuong hai vé ctia phuong trinh.

B- CAC DANG TOAN

%& Dang 1. S& dung cdng thirc nghiém, hodc cdng thirc nghiém

thu gon dé gidi phuong trinh bac hai mét d&n cho truéc

Dé giai phuong trinh bac hai ta can xac dinh cac hé s6 a, b, ¢, b’ va st dung cong thic nghiém hoic
cong thitc nghiem thu gon dé giai phuong trinh.

$> Vidu 1. Xéc dinh céc hé s6 a, b, ¢; tinh biét thitc A, tit d6 4p dung cong thiic nghiem dé giai
cac phuong trinh sau:

a) > —3r+2=0. b) =222 +z+1=0.
c) v — 4z +4=0. d) 2*—z+4=0.

e) 22 —xz—2=0. f) —2?2 —5x+6=0.
g) 42 —4r +1=0. h) 22 — 3z +4=0.
i) 2z% -2z +0,5=0. j) 22 4+2v2x+2=0.
k) 2% — /32 = —1. 1) v2(x% —2) = 4z.

¢ Vidu 2. Xac dinh cac hé s6 a, b, ¢, tinh bigt thitc A’, tit d6 4p dung cong thiic nghiem thu
gon dé giai cac phuong trinh sau

a) 3z2 —4x +1=0. b) —4x? +4x+1=0.
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c) 372 —21/2x +4 =0. d) 22 — 8z +2=0.

e) 22 —6x +5=0. fy =322 -4z +2=0.

g) 22— 23z —4=0. h) 22 — /202 4+ 5 = 0.

& Dang 2. Xdc dinh sé nghiém clia phuong trinh bac hai

Xét phuong trinh dang bac hai :
ax’+br+c=0

a#0

a) Phuong trinh ¢6 hai nghiém phan biét < ,
A >0 (hoac A > 0)

a#0

b) Phuong trinh c6 nghiém kép < )
A =0 (hoac A =0)

¢) Phuong trinh ¢6 ding mot nghiém : a =0, b # 0.

a=0,b=0,c#0

d) Phuong trinh vo nghiém < ,
a#0, A <0 (hoic A <0).

$> Vidu 3. Cho phuong trinh mz? — 3z + 1 = 0 (m la tham s6). Tim m dé phuong trinh:
a) Co6 hai nghiém phan biét. b) C6 nghiém kép.

¢) Vo nghiém. d) C6 ding mot nghiem.

® Ldi gidi.

$> Vidu 4. Cho phuong trinh ma? — 6z — 1 = 0, (m 1a tham s6). Tim m dé phuong trinh

y J/ J J

a) Co6 hai nghiém phan biét.

¢) Vo nghiém.

b) C6 nghiém kép.
d) C6 ding mot nghiém.
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y J/ J J

® L3i gidi.

& Dang 3. Khéng gidi phuong trinh, tinh gid
tri cGia biéu thirc ddi xitng gilra cac nghiém

Ta thuc hién theo cac bude sau

N 2 a
Budc 1. Tim dieu kién de phuong trinh c¢6 nghiém {

0
A>0. T d6 ap dung hé thiic Vi-ét ta co

— . C
S:ZI?1+$2:—V&P:$1$2:—.
a a

Bude 2. Bién doi biéu thitc déi xiing gitta cac nghiém ctia dé bai theo tong z1 + o va tich zq2,
sau d6 ap dung buéc 1.

&> Vidu 5. Goi 71, 75 14 hai nghiém ctia phuong trinh 22 — 2z — 1 = 0. Khong giai phuong trinh
hay tinh gia tri clia céc biéu thiic sau

a) A=a?+ 3. b) B = 2ixy + z122.
1 1

) C=—+—. d)pD="2241
T To X1 T2

® Loi gidi.
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y J/ J J

> Vidu 6. Goi 7y, 75 1a hai nghiém ctia phuong trinh 22 — z — 3 = 0. Khong gidi phuong trinh
hay tinh gia tri cia cac bicu thiic sau

a) A=a?+ 3. b) B = xixy + 1122,
1 1
) C=—+—. dp=2241
Tt T2 T T2
® Loi gidi.

<> Vidu7 (Dé thi TS Binh Duong 2020). Cho phuong trinh 22 —20202+2021 = 0 c¢6 hai nghiem
phan biét a1, z,. Khong giai phuong trinh, hay tinh gia tri clia cac biéu thic

1 1
a) —+ —;
I )

b) 2%+ 23

> Vidu 8. Cho phuong trinh 22 + 3z + 1 = 0. Khong gidi phuong trinh, goi z;, x5 14 hai nghiém
3 2
1 + 91129 + 75

4x2xy + 437,

ctia phuong trinh. Hay tinh gia tri ctia biéu thic A =

® Loi gidi.
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y J/ J J

$> Vidu 9. Cho phuong trinh 22 — 2maz +m + 2 = 0.

a) Xac dinh m dé phuong trinh c6 hai nghiem khong am z,, x».

b) Tinh E = /&7 + /2.

® Li gidi.

<> Vidu 10 (TS 10 Nghé An 2021). Cho phuong trinh z? — 12z + 4 = 0 ¢6 hai nghiégm duong

x2 + 12

NoEN

phan biét z1, 5. Khong gidi phuong trinh, hay tinh gia tri ctia biéu thic T =

D Loi gidi.

& Dang 4. Tim hai sb khi biét tdng va tich

Dé tim hai s6 x, y khi biét tong S = x + y va tich P = zy, ta lam nhu sau
Budc 1. Giai phuong trinh X% — Sz + P = 0 dé tim cac nghiem X, Xo.

Budc 2. Suy ra cac s6 z, y can tim 1a z = X, y = X, hodc z = Xy, y = X;.
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y 4/ J J

$> Vidu 11. Tim hai s6 u va v trong mdi trudng hgp sau

a) u+v=>5vauw=—-14. b) u+v=0>5vauv=—-24.

® Loi gidi.

> Vidu 12. Tim hai s6 u v v trong mdi trudng hop sau

1
a) u+v=—6vauv = —16. b)u+v=1vﬁuv=1.

® Loi gidi.

$> Vidu 13. Cho phuong trinh 22 — 3z 4+ 1 = 0 ¢6 hai nghiém 13 x; va z,. Lap phuong trinh bac

hai ¢6 hai nghiem la — + — va 2% + 3.
L1 T2

 Loi gidi.

‘ $® Vidu 14. Cho phuong trinh 22 — 4z + 2 = 0 ¢6 hai nghiém 1a x; vA z,. Lap phuong trinh bac ‘
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1 1
hai ¢6 hai nghiém la — va —.
1 To

D Loi gidi.

2 Dang 5. Xét ddu cdc nghiém cla phuong trinh bac hai

Xét phuong trinh bac hai mot an az? + bz +c =0, (a # 0). Khi dé
1. Phuong trinh c6 hai nghiém trai dau < P < 0.

A >0

2. Phuong trinh c6 hai nghiém phan biét cing dau < {P .

A>0
3. Phuong trinh ¢6 hai nghiém duong phan biét < < S >0
P >0.

A>0
4. Phuong trinh c¢6 hai nghiém am phan biét < < S < 0
P>0.

$> Vidu 15. Cho phuong trinh 22 — 2(m + 2)x +m — 1 = 0. Tim m dé phuong trinh
a) Co6 hai nghiem trai dau. b) C6 hai nghiém phan biét.
c¢) C6 hai nghiem phan biét ciing dau. d) C6 hai nghiém duong phan biét.

e) C6 hai nghiém am phan biét.

® Ldi gidi.

y J/ J J
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y 4/ J J

$> Vidu 16. Cho phuong trinh 22 — 2ma —m — 1 = 0. Tim m dé phuong trinh
a) Co6 hai nghiem trai dau. b) C6 hai nghiém phan biét.
c) C6 hai nghiem phan bigt ciing dau. d) C6 hai nghiém duong phan biét.

e) Co6 hai nghiém am phan biét.

® Loi gidi.
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y J/ J J

B Dang 6. Xdc dinh diéu kién cta tham sé dé phuong

trinh béc hai c6 nghiém théa man hé thirc cho truéc

Ta thuc hién theo cac bude sau
Bu6e 1. Tim di¢u kién dé phuong trinh cé nghiem A > 0.

Bué6c 2. Tu heé thitc da cho va heé thic Vi-ét, tim dude diéu kién ctia tham s6.

$> Vidu 17 (Pé thi TS Can Tho 2020). Tim tat c& gia tri clia m sao cho phuong trinh 2?2 —
2mx +m? —3m+6 = 0 c6 hai nghiém phan biét z1, o thda man a2 + 22 — z129 = 7 (21 + x9) — 12.

® L3i gidi.

$> Vi du 18 (Dé thi TS Binh Phuéc 2020). Cho phuong trinh an z 1a #2—5z+(m—2) =0 (1).
Tim m dé phuong trinh (1) c¢6 hai nghiém duong phan biét a1, x5 thda man hé thitc

1 1 3

T
Vi V2
o Li gidi.
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y 4/ J J

$> Vidu 19 (Pé Thi TS DAk Néng 2020). Cho phuong trinh: 22 —2(m+ 1)z +m?+3m—1 =0,

(m 1a tham s6). Tim tat ca cac gia tri cia m dé phuong trinh c6 hai nghiem phan biet z,, x5 thoa:
2 2

z] + x5 = 10.
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y 4/ J J

$> Vidu 20 (TS 10 Lang Son 2020). Tim tham sé m dé phuong trinh 22 — 52 +m — 3 = 0 ¢6
hai nghiém phan biét z1, Ty théa man z? — 2z129 + 325 = 1.

o Li gidi.

$> Vidu 21 (TS 10 Binh Phudc 2018). Cho phuong trinh 2% — 2mx + 2m — 1 = 0 (m 1a tham
s0). (1)

Tim m dé phuong trinh (1) ¢6 hai nghiém z;, x5 sao cho

(:v% — 2max; + 3) (:1:3 — 2mxy — 2) = 50.

o Li gidi.
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y J/ J J

& Dang 7. Tim hé thic lién hé gitra cdc nghiém khéng phu thuéc tham sé

@ Diéu kien dé phuong trinh c¢6 nghiem: A > 0.
® St dung heé thic Vi-ét, tinh tong va tich hai nghiém theo tham sb.
® Khit tham s6 biang mot trong cac cich:

— Phuong phap thé.

— Phuong phap cong dai s6.
— Phuong phéap rit tham s6.
— Phuong phap bién doéi.

¢ Vidu 22. Cho phuong trinh 22 — ma + 2m — 4 = 0. Tim hé thtic lién hé gitta cAc nghiém 1,
T khong phu thudce tham s6 m.

® Loi gidi.
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¢ Vidu 23. Cho phuong trinh 22 — 2(m — 1)z +m — 3 = 0. Tim mot hé thic lién he gitta cac
nghiém z;, x5 khong phu thudc tham s6 m.

$> Vidu 24. Cho phuong trinh 222 + (2m — 1)z +m — 1 = 0. Tim mot he thic liéen he gitta cac
nghiém z, xo khong phu thuoc tham sé m.

& Dang 8. Van dung diéu kién cé nghiém

cla PT bdac hai trong bai todn fim GTLN, GTNN

az® 4+ bx + ¢

Tim GTLN, GTNN ctia biéu thic y = —
mxs +nr +p

véi ma? +nx +p > 0, Vz.

Phuong phap:
Goi yo 1a mot gia tri clia bieu thic. Khi do

ar? +bxr + ¢ 5
=—& — —b —c. *
Y= tnztp (yom — a)x” + (yon —b)x +yop — . (¥)

Ta xét 2 truong hgp

. a
® Néu yom — a =0 < yo = —, thay vao () ta tim duge x
m

a 2
Suy ra yo = — la mot gia tri cta bieu thiic.
m

®@ Néuyom—a #0 & yy # 9 thi (%) 1a phuong trinh bac hai an z. Didu kién dé phuong trinh
m
c6 nghiem la A > 0.
T d6 ta suy ra diéu kién clia yp. Trén co sé do ta tim duge GTLN, GTNN (néu c6) clia
biéu thrc.

$> Vidu 25. Tim GTLN,GTNN ciia cac biéu thiic:

) -

a) y=———.

4 x2—br+7
x2 —8x + 7

b) P=——r—

) x?+1

) A 222 — 2xy + 9> 6y 0

c = v6i .
22 + 2xy + 5y? .
222 + 12 .

d) A Tt Lery biét z? 4+ y? = 1.

- 1+ 2xy + 2y?

® Loi gidi.

63 /223"




3. PHUONG TRINH BAC HAI MOT AN Trén dudng thanh céng, khéng cé déu chan clia ké ludi biéng

y 4/ J J

64/223 ’




Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y 4/ J J

. , . zy+yz+zex =28
$> Vidu 26. Cho céac s6 thuc x,y, z théa man dieu kién { y+ y+ . . Tim GTLN, GTNN
T+y+z=

cua x.

¢ Vidu 27. Cho cac s6 thyc z,y, z théa man = +y + 2z = 1.
Tim GTLN ctia biéu thic P = 92y + 10yz + 11zz.

® Loi gidi.

. B} . 9
$S Vidu 28. Cho cac s6 thiye duong a, b, ¢ sao cho a+b+c¢ = 3. Chiing minh rang a+ab+2abc < 5

® Loi gidi.

& Dang 9. Mot sb bai todan téng hop
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$® Vidu 29. Cho phuong trinh 22 —2(m — 1)z +m—-3=0 (1).
1) Giéi (1) véi m = 0.
2) Ching minh ring véi moi m thi (1) luon c¢6 hai nghiém phan biét.

3) Tim hé thic lién hé gitta 21, xo khong phu thude vao m.

1 1
4) V6i m # 3 hay lap phuong trinh bac hai ¢6 hai nghiém la — va —.
T To

5) V6i mdi s6 tu nhien n, dat S, = 2} + 2%. Ching minh rang:

Sn+2 — 2(m — 1)Sn+1 + (m - 3)Sn =0

(scl + $2)2

6) bat A = —/——F—F———
) by 223x9 + 22123

7) Tim s6 nguyén m dé z, 5 1 sd nguyen.
8) Tim m dé (1)
(a
(b

(c
(d) C6 nghiem nay gap ba lan nghiem kia.
2 _ 2

) C6 mot nghieém bang 2, tim nghiém con lai.
)
)
)
(e) C6 hai nghiém thod man z? — 23 = —4m? + 16m — 12.
)
)
)

C6 hai nghiém trai dau.
C6 hai nghiém cuing dau, hay tinh B = /7, + /7> theo m.

(f
(g
(b

C6 hai nghiém thod man z; < z9 < 1.

C6 hai nghiem sao cho x? — z2 dat gia tri nho nhat.

, v6i m # 1,m # 3. Tim s6 nguyen m dé A la s6 nguyen.

C6 nghiem chung vé6i phuong trinh 22 —2mz —m —1=0 (2).

® Loi gidi.
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¢ Vidu 30. Cho phuong trinh: 22 — (2m + 1)z + 3m — 5 = 0 v6i m 1a tham s6.
a) Chiing minh rang phuong trinh da cho luon c¢6 hai nghiém phan biét z1, x9 v6i moi m.

b) Tim m dé hai nghiém x1, x5 la do dai hai canh géc vuong cia tam giac vuong c¢6 do dai canh
huyén bang v/23.

¢) Tim m dé hai nghiém xq, xs la do dai hai canh géc vudng cia tam gidc vuong c6 dién tich
la 2.

d) Tim m dé hai nghiém x1, x5 thod man x; — xy = 9.

® Loi gidi.
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¢ Vidu 31. Cho phuong trinh 22 — (m + 5)z + 2m + 4 = 0 (1), v6i m la tham sob.
a) Giai phuong trinh (1) khi m = 0.

Chitng minh rang véi moi m, phuong trinh (1) ¢6 hai nghiém thuc phan biet xq, zs.

)
b) Tim tat ci cac gia tri ciia m dé phuong trinh (1) nhan 2 = 1 — v/2 1a mot nghiem.
c)

)

d) Chitng minh ring gid tri clia biéu thitc 22 + (m + 5)zy — m? — 8m 1a mot hing s6 khong phu
thuoc vao m.

® Loi gidi.
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¢ Vidu 32. Cho phuong trinh: 22 — 3mx + 2m? + m — 1 = 0 v6i m 1a tham so.

a) Chiing minh phuong trinh luon c¢6 hai nghiém véi moi m.
b) Goi x1, T2 12 hai nghiém clia phuong trinh. Tim céc gid tri ctia tham s6 m déx;—1=2/7s.

c¢) Tim gi4 tri nhé nhat ciia biéu thic P = (z; — 1)(z2 — 1).

® Loi gidi.
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$® Vidu 33. Cho phuong trinh 22 — 3z +m = 0 (*), v6i m la tham sb.
a) Giai phuong trinh (*) khi m = —10.
b) Tim cac gia tri cia tham s6 m dé phuong trinh (*) ¢6 hai nghiém z;, x5 nguyén khong am.

¢) Tim cic gia tri ctia tham s6 m dé phuong trinh (*) ¢6 hai nghiém x;, 25 thda man 7z, + 32, =

® Loi gidi.

$® Vidu 34. Cho phuong trinh 22 — 2(m + 1)z + 2m — 1 = 0 v6i m la tham sob.
a) Chiing minh rdng phuong trinh luon c¢6 hai nghiém phan biét v6i moi m.
b) Tim cac gid tri cia tham s6 m dé phuong trinh c6 hai nghiém x;, x5 trai dau.

¢) Goi 1,z 1a hai nghiém clia phuong trinh da cho. Tim céc gia tri nguyén clia tham sé m dé
. 1 .
bieu thic P = + nhan gia tri la mot so nguyén.
T+ 1 To + 1

® Loi gidi.

y J/ J J
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¢ Vidu 35. Cho phuong trinh 22 — (2m + 1)z + m? + 1 = 0 v6i tham s6 m.
a) Tim céc gia tri clia tham s6 m dé phuong trinh c6 hai nghiém phan biét z, z,.
b) Tim cac gia tri ctia tham s6 m sao cho || + |zo| = 7.

c) Tim céc gia tri clia tham s6 m sao cho |z — x| = 7.

® Loi gidi.
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C-BAITAP T LUAN CUNG cb

Bai 1 (Pé thi TS Da Néng 2020). Biét ring phuong trinh 2% — 192 + 7 = 0 ¢6 hai nghiem 1a 21 va
5, khong gidi phuong trinh, hay tinh gia tri cia biéu thic:

P =5 (20 — 38z + 210 — 3)" + 21 (222 — 38w + 2125 — 3)” + 120.
Bai 2 (TS Déng Nai 2020). Cho xy, x5 14 hai nghiém ctia phuong trinh 22 — 2z — 1 = 0. Hay lap mot
phuong trinh bac hai mot an c6 hai nghiem 1a |23, |23].
Bdi 3. Khong dung cong thiic nghiem dé giai phuong trinh: 322 + 5z — 6 = 0.
a. Chung t6 phuong trinh c¢6 hai nghiém phan biét zq, zs.

b. Tinh gia tri clia biéu thiic A = (21 + 225) (221 + 23), B = o 2

To — 1 Xr1 — 1 '
Bdi 4 (TS 10 bién Bién 2020). Cho phuong trinh: 2 — 2mz — 4m — 5 =0 ( m 1a tham s6) (1).
1. Giai phuong trinh (1) khi m = —2.
2. Tim m dé phuong trinh (1) c¢6 hai nghiém z;, z» thda man:
1 33
53:% —(m—1x; + 29 —2m + 5 = 4059.
Bai 5 (TS 10 H&i Phong 2020). Cho phuong trinh 22 — 2(m + 1)z +m? —1 (1) (x 1a an s6, m la
tham s6).
a) Giai phuong trinh (1) v6i m = 7.

b) Xéc dinh céc gia tri ctia m dé phuong trinh (1) c6 hai nghiém z;, x5 sao cho biéu thitc M =
x? + x5 — z175 dat gid tri nhd nhat.

Bdi 6 (TS 10 Lao Cai 2020).
a) Giadi phuong trinh 222 — 5z + 3 = 0.

b) Tim tat ca cac gia tri ctia tham s6 m dé phuong trinh 2% —2(m — 1)z +m? — 6 = 0 c6 hai nghiém
71, Ty a0 cho z? + 4xy + 229 — 2ma; = —3.

Bai 7 (TS 10 Phia Tho 2020). Cho phuong trinh 2 — 2mz +m — 1 =0 (m 1a tham s6)
a) Giai phuong trinh khi m = 2.

b) Chiing minh rang phuong trinh luon c6 hai nghiém phan biét véi moi gia tri ctia m.
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c¢) Goi o1, 7y 1 hai nghiem ctia phuong trinh. Tim m dé 22z, + may — 19 = 4.
Bai 8 (TS 10 Qudang Ninh 2020). Cho phuong trinh 2% + 4z + 3m — 2 = 0, v6i m la tham sb.
a) Giai phuong trinh véi m = —1.
b) Tim gia tri cia m dé phuong trinh da cho c6 mot nghiem z = 2.
c¢) Tim cac gia tri cia m dé phuong trinh da cho c6 hai nghiém phan biét x1, x5 sao cho z;+2z, = 1.

Bdi 9 (TS 10 Thanh Hod 2020). Cho phuong trinh z* + 5z 4+m —2 = 0 (m 1a tham s6). Tim cac gia
? 1 1
tri cua m de phuong trinh c¢6 hai nghiém phan biét z1, x5 thoa man hé thic + =1.
(z1—=1)* (22— 1)
B&i 10 (TS 10 B&c Giang 2018). Cho phuong trinh 2% — (m + 2)z +3m —3 =0 (1), v6i = la 4n,
m 1a tham sd.

a) Giai phuong trinh (1) khi m = —1.

b) Tim céc gia tri ctia m dé phuong trinh (1) c6 hai nghiém phan biét z;, x5 sao cho z1, z, 1a do
dai hai canh géc vuodng ciia mot tam giac vuong c6 do dai canh huyén bang 5.

B&i 11 (TS 10 Ving Tau 2018). Cho phuong trinh 22 — mx — 1 = 0 (m la tham s6). Tim tat ca gia
tri ctia m dé phuong trinh c6 hai nghiém phan biét z1, 75 thoa x; < x5 VA |21] — |72| = 6.

B&i 12 (TS 10 Bé&n Tre 2018). Cho phuong trinh 22 + 5z +m =0 (%), (m la tham s6).
a) Giai phuong trinh (%) khi m = —3.
b) Tim m dé phuong trinh () c6 hai nghiém z,, x5 thdéa man 9z, + 2z, = 18.

Bai 13 (TS 10 Cao Béng 2018). Cho phuong trinh 22 — mz +m — 1 = 0 ( v6i m la tham s6). Goi
T VA T 1 cac nghiém ctia phuong trinh. Tim gia tri nhé nhét ctia biéu thic

2r1x9 + 3

P = .
2?4+ 13 4 2(z1m0 + 1)

Bai 14 (TS 10 H&i Duong 2018). Tim m dé phuong trinh 22 — 2ma +m? — 2 = 0 (x la an, m la
tham s6) c6 hai nghiém phan biét z;, 2, théa man dicu kien |23 — z3| = 10v/2.

Bdi 15 (TS 10 Lao Cai 2018). Cho phuong trinh 22 — 2z +m —3=0 (1), véi m la tham s6.
a) Giai phuong trinh (1) khi m = 0.
b) Tim tat ca céc gia tri ctia m dé phuong trinh (1) c¢6 hai nghiém phan biét x1, x5, théa man:

.Z'% +12 = 2332 — T1T9

Bdi 16 (TS 10 Qudng Ngdi 2018). Cho phuong trinh 22 — 2ma 4+ 2m — 3 = 0 v6i m la tham s6.
a) Ching minh rang phuong trinh luon c¢6 hai nghiém phan biét v6i moi m.

b) Goi 21,2, 1a hai nghiém ctia phuong trinh da cho. Tim cac gia tri nguyén ctia m dé biéu thic
1 .
— 4+ — nhan gia tri [a mot so nguyeén.
T i)
Bdi 17 (TS 10 B&c Kan 2018). Cho phuong trinh 22 —2(m + 1)z +6m —4 =0 (1) (v6i m la tham
s0).

a) Ching minh rang phuong trinh (1) luon c6 hai nghiém phan biét véi moi m.

74/223 ’




Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J/ J J

b) Tim m dé phuong trinh (1) ¢6 hai nghiém 21, 25 thda man (2m — 2)x; + 22 — 4y = 4.

Bai 18 (TS 10 Thanh Hod 2018). Cho phuong trinh 22 — (m — 2)z — 3 = 0 (m la tham s6). Chiing
minh ring phuong trinh luén c6 hai nghiém phan biét z;; 2o véi moi m. Tim m dé cac nghiem dé

thoéa man hé thuc
/22 + 2018 — xy = \/x3 + 2018 + 5.

Bai 19 (TS 10 Tra Vinh 2018). Cho phuong trinh 22 — (m + 1)z +m — 2 = 0 (v6i m 1a tham s6).
a) Ching minh phuong trinh luén ¢6 hai nghiém phan biét v6i moi m.
b) Tim cac s6 nguyén m dé phuong trinh c6 nghiém nguyen.

Bai 20 (TS 10 B&c Ninh 2017). Cho phuong trinh 22 — 2ma +m2 — 1 = 0 (1) v6i m 1a tham s6.
a) Giai phuong trinh (1) khi m = 2.

b) Chiing minh ring phuong trinh (1) luén c¢6 hai nghieém phan biet véi moi m. Goi zy, 7o la
hai nghiém ctia phuong trinh (1). Lap phuong trinh bac hai nhan z3 — 2max? + m2x; — 2 va
x5 — 2ma? + m?x, — 2 14 nghiem.

Bai 21 (TS 10 Bac Liéu 2021). Cho phuong trinh 2% — (m + 2)z + m+ 1 =0 (1) (m 1a tham s6).

a) Giai phuong trinh (1) khi m = —3.

b) Chiing minh phuong trinh (1) luén c6 nghiém véi moi sé thuc m.

¢) Tim m dé phuong trinh (1) c6 hai nghiem phan biét z;, x5 1& do dai hai canh géc Vu()ngQCﬁa
7
Bdi 22 (TS 10 Cao Baing 2021). Cho phuong trinh (m? +m + 1) 2 — (m2+2m+2)z — 1 =0 (m
1a tham ).

Gia st #; vA 79 1a cic nghiém ciia phuong trinh trén. Tim gia tri 16n nhat va gia tri nho nhat ctia
biéu thiic S = z1 + xs.

Bai 23 (TS 10 Nam Pinh 2021). Cho phuong trinh 2% — 2(m + 1)x + m? + 2m = 0 (v6i m 1a tham
s6). Tim tat ca cac gia tri ctia m dé phuong trinh c6 hai nghiém phan biét z, 2o (Vi 2, < 25) thda
man |z1| = 3 |z

Ba&i 24 (TS 10 B&c Kan 2021). Cho phuong trinh 22 — 2(m+ )z +m?+4 =0 (1) (véi m la tham
s0)

mot tam giac vuong c6 do dai duong cao ké tit dinh géc vuong xudng canh huyen 1a h =

a) Giai phuong trinh (1) véi m = 2.

b) Tim céc gia tri ctia m dé phuong trinh (1) c¢6 hai nghiém z, x5 thda man 2?2 + 2(m + 1)z, <
2m” + 20.

Bai 25 (TS 10 Da Nang 2021). Cho phuong trinh 22 +4(m — 1)z —12 =0 (%), v6i m la tham sob.
a) Giai phuong trinh (%) khi m = 2.

b) Tim tat ci cic gia tri ctia tham s6 m dé phuong trinh (%) c6 hai nghiém phan biét z,, 5 thoa
man 4|x; — 2|4 — mzy = (x1 + 29 — 1279 — 8)2.

Ba&i 26 (Pé TS 10 2021 Thanh Héa). Cho phuong trinh % — 22 +m — 1 = 0 (m la tham s6). Tim

cac gia tri cia m dé phuong trinh c6 hai nghiém z, x5 thda man hé thic 2t — 23 = 2§ — 23.
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Bai 27 (TS10 Chuyén Lao Cai 2021). Cho phuong trinh 2% —2(m — 1)z 4+ 2m — 5 = 0 (trong d6 m
1a tham s0).

a) Chiing minh réng phuong trinh luon c6 hai nghiem z;, x5 v6i moi m.

b) Tim tat cd cac gia tri ctia m dé phuong trinh c6 hai nghiém 1, o thoéa man diéu kién
(22 — 2maxy +2m — 1) (22 — 2may +2m — 1) < 0.

Bai 28 (TS10 Chuyén Lé Khiét Quéng Ngdi 2021). Tim tit ci cac gia tri clia tham s6 m dé
phuong trinh 22—5z+2m—2 = 0 ¢6 hai nghiém duong phan biét z1, 5 théa man \/2? — 4z + 2m — 2+

VT2 = 3.

B&i 29 (Chuyén Huynh Man Bat Kién Giang 2021). Tim tét ci cac s6 thuc a, b sao cho phuong

, a
trinh (a 2 b =0 c¢6 hai nghiém & — v& .
rinh (an x) z* 4 ax + ¢6 hai nghiém a3vaa+2

Bai 30 (Chuyén Lao Cai 2021). Cho hai phuong trinh

2% — mx — 2021 = 0 (1)
vi 2®+ (m— 1)z — 2022 = 0. (2)

Tim m dé phuong trinh (1) ¢6 hai nghiém z;, z» v& phuong trinh (2) c¢6 hai nghiem z3, 2, thda man
(Il + .1’3)((1,‘2 -+ IE3)(I1 -+ ZL’4)<CL’2 —+ .T4) = 1

Bdi 31 (Chuyén Lé Quy Don Qudng Tri 2021 ). Biét ring phuong trinh 2 — az + b+ 2 = 0 (véi
a,b 1a cic s6 nguyen) c6 hai nghiem déu 1a cac s6 nguyén. Chitng minh rang 2a? + b 1 hgp so.

Bdi 32. Cho phuong trinh: 2% — (2m + 1)z + 2m — 4 = 0 v6i x 1a an, m 14 tham s6.
1) Giai phuong trinh da cho v6i m = 1.
2) Tim gia tri cia tham s6 m dé phuong trinh da cho c¢6 mot nghiém x = 2. Tim nghiém con lai.

3) Chiing minh phuong trinh da cho luon c¢6 hai nghiém phan biét véi moi gia tri bat ki ciia tham s6
m.

4) Goi x1, x5 1a cac nghiém ctia phuong trinh da cho. Tim céc gia tri cia m deé:
a. ¥+ x2 =13. b. 2x1 4 324 = 3.
c. |xy —ao] =4. d. |x1| + |x2| = 5.
e. Nghiém nay gap ba lan nghiem kia.

5) Goi z1, x5 la cdc nghiém ctia phuong trinh da cho. Tim hé thic lién hé gitta xq, o khong phu thude
vao m.

6) Tim cac gia tri ctia m dé phuong trinh:
a. C6 hai nghiem trai dau. b. C6 hai nghiém cung am.

c. C6 hai nghiém cung duong. d. C6 hai nghiém trai dau, nghiém am c6 gia
tri tuyet ddi 16n hon nghiem duong.

e. Co hainghiém x1, o thod mén z; < 1 < x».

7) Goi a1, 79 14 cAc nghiém ctia phuong trinh da cho. Xét bicu thiic A = 22 + 22 — 42,2, + 4. Hay:
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a. Tinh cac gia tri clia biéu thic A theo m. b. Tim céac gia tri ctia m dé A = 41.

c. Tim cac gia tri cia m dé A dat gia tri nho
nhat.

8) Goi 1,7y 14 cac nghiém ctia phuong trinh da cho. Tim cac gid tri cia m dé x1, x5 13 do dai hai

V205
5

canh ctia mot tam gidc vuong c6 canh huyén bang

9) Goi x1, x5 la cidc nghiém cia phuong trinh da cho. V6i m # 2, 1ap phuong trinh c¢6 hai nghiém 1a

1 .
— va — ¢6 tham so m.
X T2

Bdi 33. Cho phuong trinh 22 — 2(m — 1)z +m? — 3m = 0 v6i 2 1 an va m 1a tham sb.
1) Giéi phuong trinh khi m = 2.

2) Tim céc gia tri ctia m dé phuong trinh c6 nghiém z = —2. Tim nghiém con lai.

3) Tim céc gia tri ctia m dé phuong trinh

a. Co6 hai nghiém phan bigt. Tim cac nghiém b. C6 nghiém kép. Tim nghiém véi m via tim
do; dugc;

c. Vo nghiém.
4) Trong truong hop phuong trinh ¢6 hai nghiém phan biét xq, zo, tim céc giad tri cia m dé
a. T3+ a3 =38; b. 2x1 — 3wy = 8;
c. |xy — x| =4 d. |z] + |zo| = 3.
5) Tim cac gia tri ctia m dé phuong trinh c6 hai nghiém 1, x5 thda man
a. 1, % trai dau; b. z1, x5 ciing duong;
c. T1,Tp cung am; d. (2? 4 x3) dat gia tri 16n nhat.
6) Trong trudng hgp phuong trinh c¢6 cac nghiém phan biét x4, zo, hay

a. Tim hé thic lién hé gita zq, x5 doc lap véi m.

b. Tim cac gia tri ctia m dé (21 — 3)(222 — 3) > 1.

1 1
c. V6i m # 0 va m # 3, 1ap phuong trinh bac hai ¢6 cac nghiem la y; = x; + — va yo = 29 + —.
) T

Bdi 34. Cho phuong trinh 22 + (m + 2)x + 2m = 0 v6i z 1a an va m 1a tham sb.
1) Tim gi4 tri cia m biét phuong trinh ¢6 mot nghiém 1a z = 3. Tim nghiém con lai.
2) Tim céc gia tri ctia m dé phuong trinh

. . . 5 - ZL1 X2 . . . -
a. Co hai nghiém xq, x5 thoa man —4+— =2; b. C6 hai nghiém z, x5 doi nhau;
Ty I

c. C6 hai nghiém z;, 5 cing dau. Khi d6 hai d. C6 hai nghiém z, z, théa man —3 < z; <
nghiém cting am hay cung duong. zg < 3.

3) Tim cac gia tri ctia tham s6 m dé phuong trinh

a. C6 hai nghiém trai dau va nghiém am c6 gia tri tuyéet doéi 16n hon nghiém duong.
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y 4/ J J

b. C6 hai nghiém la do dai hai canh clia tam giac vuong c6 do dai canh huyén bang v/13.
4) Trong trudng hgp phuong trinh ¢6 hai nghiém x4, xo
a. Tim gia tri nhé nhat ctia biéu thitc A = 2?2 + 22 — 42,25 + 4. theo tham s6 m.

1 1
b. Véi m # 0, 1ap phuong trinh bac hai ¢6 hai nghiém la — + — va x1 + .
xy )
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Bir4. GIAI BAI TOAN BANG CACH LAP PT HOAC HPT

A-KIEN THOUC CAN NHO

Giai bai todn bang cach lap phuong trinh hosic hé phuong trinh gom 3 buéc:
Buée 1: Lap phuong trinh (hoac hé phuong trinh) ctia bai toan:

®@ Chon an va dit diéu kien cho an;

@ Biéu dién cac dai luong chua biét theo an va cac dai lugng da biét;

® Lap phuong trinh (hosic he phuong trinh) biéu thi méi quan hé giita cic dai lugng.
Budc 2: Giai phuong trinh (hoac hé phuong trinh).

Bu6e 3: Két luan: kiém tra xem trong cdc nghiém ctia phuong trinh (hodc hé phuong trinh), nghiém
nao théa man diéu kién ciia an vi dua ra két luan.

A  Kho khan cia hoc sinh thuong gap la khong biét biéu dién cac dai luong chua biét theo an s6 va
theo cdc dai luong da biét khdc, tic la khong thiét lap duge moi quan hé gitta cic dai luong. Ty
theo tung dang bai tap ma ta xdc dinh dugc cac dai lugng co trong bai, cic cong thic biéu dién
moi quan hé gita cdc dai lugng dy.

B-CAC DANG TOAN
B Dang 1. Béi fodén chuyén dong

1. Toan chuyén dong c6 ba dai lugng
(1) Quang duong = Van toc x Thoi gian.
(2) Thoi gian = Quang duong : Van toc.
(3) Van téc = Quang duong : Thoi gian.

2. Céac don vi clia ba dai lugng phai phit hop véi nhau: néu quang duong tinh bang ki-16-mét, van
toc tinh bang ki-lo-mét/gio thi thoi gian phai tinh bang gio.

> Vidu 1. Lic 6 gio mot 6 to chay tit A vé B. Sau d6 ntta gio, mot xe may chay tit B vé A. O
t0 gap xe may luc 8 gid. Biét van toc 6 t0 hon van tdc xe may la 10 km/gid va khoang cach AB
1a 195 km. Tinh van toc ctia mdi xe.

79/ 223"




4. GIAI BAI TOAN BANG CACH LAP PT HOAC HPT Trén dudng thanh céng, khong cé déu chan clia ké Iudi biéng

y J/ J J

%> Vi du 2 (TS 10 Cao Bdng 2020). Béc An di xe 6 t6 tit Cao Bing dén Hai Phong. Sau khi di
duge ntta quang duong, Bac An cho xe tang van tdc them 5 km/h nén thoi gian di nita quang
dudng sau it hon thoi gian di nita quang duong dau 1a 30 phat. Héi lic dau bac An di véi van toc
bao nhiéu. Biét rang khodng cach tit Cao Bang dén Hai Phong la 360 km.

® Ldi gidi.

4> Vidu 3 (TS 10 Ba Nang 2020). Quéng dudng AB gdm mot doan len déc va mot doan xudng
déc. Mot ngudi di xe dap tit A dén B hét 16 phat va di tit B vé A hét 14 phat. Biét van toc lac
len doc 1a 10 km/h, van tbc lac xudng déc la 15 km/h (van toc lén doc, xudng doc lac di va lac
vé nhu nhau). Tinh do dai quang duong AB.

 Loi gidi.
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%> Vidu 4 (TS 10 Pong Thép 2020). Nha Lan cach trudng hoc 5 km, nha ban Mai cach truong
hoc 4 km. Mai bat dau di hoc sém hon Lan 5 phiit va hai ban gip nhau tai céng truong lic 6 gic
50 phut sang. Biét ring van toc di xe ctia ban Lan 16n hon van téc di xe ciia ban Mai 8 km/h. Hoi
Mai bt dau di hoc lac may gio?

D Loi gidi.

¢ Vidu 5 (TS 10 Gia Lai 2020). Quang duong tit A dén B dai 100 km. Cung mot lac, mot xe
may khdi hanh tit A di dén B vA mot 6 to khéi hanh tit B di dén A. Sau khi hai xe gip nhau, xe
méy di 1 git 30 phat nita méi dén B. Gia sit van toc hai xe khong thay ddi trén sudt quang dudng
di. Biét van toc clia xe may nhé hon van toc ciia xe 6 t6 14 20 km/h. Tinh van tdc mdi xe.
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® Loi gidi.

> Vidu 6. Mot tau thiy chay xudi dong song 66 km hét mot thoi gian bang thoi gian tau do
chay ngugce dong 54 km. Néu tau chay xuoi dong 22 km va nguge dong 9 km thi chi hét 1 gio. Tinh
van téc rieng clia tau thiy va van téc ciia dong nuée (biét rang van toc rieng ctia tau la khong
doi).

 Loi gidi.

$> Vidu 7 (TS 10 Qudng Ninh 2020). Gidi bai todn sau biang cdich lgp phuong trinh hodc hé
phuong trinh

Khoang cach gifta hai bén song A va B 1a 32 km. Mot ca no xuoi dong tit bén A dén bén B roi
lap tiic quay vé bén A. Ké tit lic khdi hanh dén lic vé t6i bén A hét tat ca 6 gio. Tinh van toc
clia ca no khi nude yen ling, biét van tdc ctia dong nude 1a 4 km/h.

® Loi gidi.
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& Dang 2. Bai fodn ndng sudt

Toan nang suat bao gom ba dai lugng
(1) Khéi lugng cong viec = Nang suat x Thoi gian.
(2) Nang suat = Khoi lugng cong viec : Thoi gian.

(3) Thoi gian = Khdi lugng cong viéc : Nang suat.

$> Vidu 8. Mot t6 cong nhan theo ké hoach phai san xuat 280 sdn pham véi nang suat dinh
truge. Do mdi ngay to dé da san xuat vugt mitc 10 sadn pham nén t6 d6 da hoan thanh ké hoach
s6m hon thai gian quy dinh 14 1 ngay va con san xuat thém dude 20 sdn pham. Tinh ning suat
du dinh.

® Loi gidi.
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$> Vidu 9 (TS 10 HA&i Phong 2020). Mot nha may theo ké hoach phai san xuat 2100 thiing nudc
sat khuan trong mot thai gian quy dinh (s6 thing nudc sat khuan nha may phai san xuat trong
moi ngay 1a biang nhau). Dé day nhanh tién do cong viec trong giai doan tang cudng phong chong
dai dich COVID-19, mbi ngay nha may da san suat nhiéu hon dy dinh 35 thiing nuéce sat khuan.
Do d6, nha méy da hoan thanh cong viéc trude thoi han 3 ngay. Hoi theo ké hoach, méi ngay nha
may phai sdn san xuat bao nhiéu thiing nudc sat khuan?

® Loi gidi.

%> Vi du 10 (Thi th&r Dich Vong Hau 2020). Huéng ting phong trao Tét trong cay, chi doan
thanh nién dy dinh trong 30 cay trong mot thoi gian nhat dinh. Do mdi gio chi doan trong
nhiéu hon dy dinh 5 cay nén da hoan thanh cong viéc trude du dinh 20 phit va trong them duge
10 cay nita. Tinh s6 cay ma chi doan dy dinh trong trong méi gio.

 Loi gidi.

> Vidu 11. Mot phan xudng theo ké hoach can phai san xuat 140 san pham trong mot sd ngay
quy dinh. Do mdi ngay phan xudng d6 san xuit vuot mic 2 san pham nén da hoan thanh sém

y J/ J J

e
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‘ hon di dinh 8 ngay. Héi mdi ngay phan xudéng phai san xuat bao nhiéu san pham?

® L3i gidi.

¢ Vidu 12. Mot xudng may lap ké hoach may mot 16 hang, theo dy dinh méi ngay may xong 60
40. Nhung nho cai tién k§ thuat, xudéng da may duge 120 40 mdi ngay. Do dé xudng khong nhitng
hoan thanh trude thoi han 8 ngay ma con may thém 240 4o. Héi theo ké hoach phan xudng phai
may bao nhiéu ao?

® L3i gidi.

& Dang 3. Bdi todn lam chung coéng viéc

Dé giai loai toan nay ta thuong coi toan bo cong viec 1a 1 don vi, suy ra
1

1) Nang suat = ———.
1) s Thoi gian

(2) Lap phuong trinh theo mau

Tong cac nang suat rieng = Nang suat chung

$ Vidu 13. Hai voi nuée ciing chdy vao mot bé khong c6 nude thi sau 4 gio 48 phit sé day bé.
Biét ring thoi gian voi I chdy mot minh day bé it hon thoi gian voi II chady mot minh day bé 1a 4
gis. Héi mdi voi chady mot minh thi phai mat bao lau méi day be?

® Loi gidi.
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y 4/ J J

$ Vidu 14. Hai voi nuée ciing chay vao mot bé khong c6 nude thi sau 2 gis 55 phit sé day beé.
Néu dé chay mot minh thi voi thit nhat chay day bé nhanh hon voi thit hai 1a 2 gis. Tinh thoi gian
mdi voi chdy mot minh day bé.

® Loi gidi.

$> Vidu 15. Hai ban An va Binh ciing lam chung mot cong viéc thi hoan thanh sau 6 ngay. Néu
lam riéng thi Binh lam xong viéc 1lau hon An lam xong viéc 13 9 ngay. H6i néu An lam mot minh
3 ngay roi nghi thi Binh hoan thanh nét cong viéc con lai trong thai gian bao lau?

® Loi gidi.
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$> Vidu 16. Hai doi cong nhan ctiing lam 1 doan dudng trong 30 ngay thi xong. Mdi ngay, phan
viec doi A lam duge gap hai lan doi B. Ho6i néu lam mot minh thi mdi doi lam xong doan dudng
do trong bao lau.

® Loi gidi.

¢ Vidu 17. Hai doi cong nhan cling lam mot cong viée. Néu hai doi lam chung thi hoan thanh
sau 12 ngay. Néu moi doi lam rieng thi doi I sé hoan thanh cong viéc cham hon doi IT 13 10 ngay.
Hbéi néu lam riéng thi méi doi phai lam trong bao nhicéu ngay dé hoan thanh cong viec d6?

® Loi gidi.

$> Vidu 18. Dé hoan thanh mot cong viéc, hai to lam chung va du kién hoan thanh sau 4 gio.
Trén thuc té sau 3 gio hai t6 lam chung thi t6 I bi diéu di lam viéc khéc, t6 II hoan thanh ndt
cong viec con lai trong 3 gic. Hoéi néu mdi t6 lam rieng thi sau bao lau sé hoan thanh cong viec?

D Loi gidi.
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¢ Vidu 19. Hai nguoi thg quét son mot toa nha. Néu ho ciing lam trong 12 ngay thi xong cong
trinh. Tuy nhién thyc té hai ngusi lam ciing nhau trong 4 ngay thi ngusi thit nhat duge chuyén di
lam cong viéc khac, nguoi thi hai lam mot minh trong 14 ngay nita méi xong. Ho6i néu lam riéng
thi moi nguoi hoan thanh cong viéc do trong bao lau.

 Loi gidi.
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> Vidu 20. Hai voi nude cling chdy vao mot bé khong c6 nude thi sau 4 gio day bé. Néu lic dau
)
chi voi I chay mot minh trong 1 gis, sau d6 mé thém voi II cuing chay trong 3 gio nita thi dugce 6

bé. Tinh thoi gian mdi voi chady mot minh day bé.

® Loi gidi.

& Dang 4. Bai todn lién quan dén sé va chir sé

Trong hé thap phan thi s6 ¢6 hai chit s6: ab = 10a + b; abc = 100a + 10b + c.
Trong d6 cac chitsd a, b,c €N; 0<a<9,0<b<9,0<c<9.

y J/ J J

> Vidu 21. Tim mot s6 tu nhién c6 hai chit s6 biét réing tong clia cac chit s6 cia né bing i sO

d6 va néu viét s6 do theo thit ty nguoe lai thi duge s6 méi hon s6 da cho 1a 18 don vi.

® Loi gidi.
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$> Vidu 22. Cho mot s6 tir nhién cé hai chit s6, biét tong hai chit s6 ctia s6 d6 bang 13 va néu
chia chit s6 hang chuc cho hang don vi thi dugc thuong 14 2 du 1. Tim s6 d6.

® Ldi gidi.

$> Vidu 23. Cho hai s6 ty nhién biét tong ctia chiing 1a 33 va néu lay s6 16n chia cho s6 bé thi
duge thuong 1& 4 du 3. Tim hai s6 da cho.

D L&i gidi.

¢ Vidu 24. Cho mot sb tir nhién c6 hai chit s6, 2 1an chit s6 hang chuc 16n hon 3 1an chit s6 hang
don vi 1& 1. Néu doi chd hai chit s6 ciia s6 d6 cho nhau ta duge mot s6 méi nhé hon sb6 da cho 18
don vi. Tim s6 do.

® Loi gidi.

$> Vidu 25. Tong chit s6 hang don vi va 5 lan chit s6 hang chuc ctia mot s6 c6 hai chit s6 1a 21.
Néu doi chd chit s6 hang chuc va hang don vi cho nhau thi duge s6 mdi 16n hon sé6 ban dau 1a 27
don vi. Tim sb do.

D Loi gidi.
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$> Vidu 26. Tim s6 tir nhién c6 hai chit s6 biét réing tong céc chit s6 ciia né bing 10 va néu viét
s6 d6 theo thit tuy nguge lai thi duge s6 méi nhé hon sé ban dau 18 don vi.

® Loi gidi.

$O Vidu 27. Mot s6 ti nhién c6 hai chit s6. Ti s6 gifta chit s6 hang chuc va chit s6 hang don vi 1a
2 B B . . . .
3 Néu viet thém chit so 1 xen vao gitta thi duge so0 méi 16n hon s6 da cho 1a 370 don vi. Tim so

da cho.

® Loi gidi.

& Dang 5. Bdi foan c6 néi dung hinh hoc

® Véi hinh chit nhat:

Dién tich = Chiéu dai x Chiéu rong.
Chu vi = (Chiéu dai + Chiéu rong) x 2.

® V6i hinh tam giac:
1 .
Dién tich = §X Canh day x Chieu cao.

Chu vi = Téng céc canh.
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. ) s ) . s
$> Vidu 28. Mot tam giac ¢6 chieéu cao bang 1 canh day. Neéu chieu cao tang thém 3 dm va canh

day gidm di 3 dm thi dién tich cia n6 tang them 12 dm?2. Tinh chiéu cao va canh day ciia tam
giac.

o Li gidi.

> Vidu 29. Mot manh vuon hinh chit nhat ¢6 dién tich 720 m2. Néu tang chiéu dai thém 10 m
va giam chiéu rong 6 m thi dién tich manh vuon khong déi. Tinh chiéu dai va chiéu rong manh
vuon.

o Li gidi.

<> Vidu 30 (TS 10 Binh Phudc 2020). Mot thita dat hinh chit nhat c6 chiéu dai hon chiéu rong
4 m va c6 dién tich 1a 320 m?. Tinh chu vi thita dat do.

® Loi gidi.
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y J/ J J

$> Vidu 31 (TS 10 Lang Son 2020). Mot méanh vuon hinh chit nhat ¢6 chu vi 160 m va dién tich
1a 1500 m?. Tinh chiéu dai va chiéu rong ctia manh vuon do.

® Loi gidi.

¢ Vidu 32. Mot manh vuon c6 hinh dang hinh chit nhat. Néu tang chiéu dai manh vuon do
thém 2 m va gidm chiéu rong manh vuon dé di 2 m thi dién tich ctia manh vuon gidm di 20 m?.
Néu gidm chiéu dai manh vuon di 3 m va tang chicéu rong manh vuon thém 2 m thi dién tich manh
vuon khong thay doi. Tinh dién tich manh vuon hinh chit nhat Iic ban dau.

® Loi gidi.

& Dang 6. Bdi todn phan tram

$> Vidu 33 (TS 10 Binh Pinh 2020). Trong ky thi chon hoc sinh gidi 16p 9 cip trusng, tong sd
hoc sinh dat giai cia ca hai 16p 9A1 va 9A2 1a 22 em, chiém ti & 40% trén tong s6 hoc sinh di thi
ctia hai 16p trén. Néu tinh riéng timg 16p thi 16p 9A1 c¢6 50% hoc sinh du thi dat gidi va 16p 9A2
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‘ c6 28% hoc sinh dy thi dat giai. Héi mdi 16p c6 tat ca bao nhiéu hoc sinh dir thi?

® L3i gidi.

$> Vidu 34 (TS 10 Ha Tinh 2020). Trong quy I, ca hai t6 A va B san xuat duge 610 sdn pham.
Trong quy II, s6 san pham t6 A tang them 10%, to B tang thém 14% so v6i quy I, do dé cé hai
t6 san xuat duge 681 san pham. Hoi trong quy I, mdi t6 san xuat duge bao nhiéu san pham?

® Loi gidi.

$> Vidu 35 (TS 10 Nghé An 2020). Hudng ting phong trao toan dan chung tay day lui dai dich
Covid-19, trong thang hai nam 2020, hai 16p 9A va 9B ctia mot truong THCS da nghién ctu va
san xuat duge 250 chai nudce rita tay sat khuan. Vi mudn ting qua cho khu cach li tap trung trén
dia ban, trong thang ba, 16p 9A lam vudt mic 25%, 16p 9B lam vugt miic 20%, do d6 téng san
pham ctia ca hai 16p vugt mic 22% so v6i thang hai. Héi trong thang hai, méi 16p da san xuét
dugce bao nhieu chai nudc rita tay sat khuan?

® Loi gidi.
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> Vidu 36. Hai t6 san xuat phai hoan thanh 90 san pham theo ké hoach. Khi thiyc hién, t6 I
lam vuot muc 15% ké hoach, t6 II lam vugt miic 12% ké hoach ciia t6. Do d6 ca hai t6 lam dugc
102 san pham. Hoi thuc té, mdi to san xuat duge bao nhiéu san pham?

® Loi gidi.

$> Vidu 37. Hai to ctia mot nha méy san xuat khau trang trong mot ngay san xuat duge 1500
chiéc khau trang. Dé dap ting nhu cau khau trang trong dich ctim do chiing méi virut Corona gay
ra nén mdi ngay to mot vuot mitc 75%, t6 hai vuot mitc 68%, ca hai t6 san xuat duge 2583 chiée
khau trang. Héi ban dau trong mot ngay mdi t6 san xuat duge bao nhiéu chiéc khau trang?

 Loi gidi.
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& Dang 7. Bai toan c6 ndi dung li hoa

$> Vidu 38 (TS 10 Ninh Binh 2020). Ngudi ta dd them 20 gam nuéc vio mot dung dich chita 4
gam mudi thi nong do ctia dung dich giam di 10%. Héi trude khi do them thi dung dich chita bao
nhiéu gam nuée?

® Loi gidi.

¢ Vidu 39. C6 hai loai quing chita 75 % sat va 50 % sat. Tinh khoi lugng ciia méi loai quing
dem tron dé duge 25 tan quing chita 66 % sit.

® L3i gidi.

¢ Vidu 40. Ngusi ta cho thém 1 kg nuéc vao dung dich A thi duge dung dich B c6 nong do axit
12 20 %. Sau do6 lai cho thém 1 kg axit vao dung dich B thi duge dung dich C c¢6 nong do axit 1a

1 R
335%. Tinh nong do axit trong dung dich A.

D Loi gidi.
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$> Vidu 41, C6 2 thoéi thép vun, mot théi chita 10% niken va théi con lai chita 35% niken. Can
lay bao nhiéu tan thép vun mdi loai trén dé luyen duge 140 tan thép chita 30% niken?

® Loi gidi.

$ Vidu 42. Dé luyen duge 140 tan thép chita 30% Niken, nha may luyén thép dung hai loai thép
vun trong do6 1 loai chita 10% Niken va 1 loai chita 35% Niken. Héi nha may da dung bao nhiéu
tan thép vun moéi loai?

® Loi gidi.

& Dang 8. Bdi toan khac

$> Vidu43 (TS 10 Bdc Kan 2020). Hai 16p 9A va 9B clia mot trusng, quyen gép vé ing ho céc
ban hoc sinh viing khé khan. Lép 94 moi ban ting ho 2 quyén, 16p 9B méi ban ting ho 3 quyén,
ca hai 16p tng ho duge 160 quyén. Tinh s6 hoc sinh méi 16p biét ring tong s6 hoc sinh cé hai 16p
la 65 em.
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® L3i gidi.

$> Vidu 44 (TS 10 Binh Thudn 2020). Lép 94 c6 80 quyén v3 du dinh khen thuéng hoc sinh gidi
cud6i nam. Thyc té cudi nam tang thém 2 hoc sinh giéi, nén mdi phan thudng giam di 2 quyén vé
so véi du dinh. Hoi cudi nam 16p 94 c6 bao nhiéu hoc sinh giéi, biét mdi phan thuéng c6 s6 quyen
vé bang nhau.

® L3i gidi.

4> Vi du 45 (TS 10 Pong Nai 2020). Mot nhém hoc sinh duge giao sép xép 270 quyén sach vao
tli ¢ thu vien trong mot thoi gian nhat dinh. Khi bit dau lam viéc nhém duge bo sung thém hoc
sinh nén méi git nhom sip xép nhic¢u hon du dinh 20 quyén sach, vi vay khong nhitng hoan thanh
trudée du dinh 1 gio ma con vugt mitc duge giao 10 quyén sach. Hoi s6 quyén sach mdi gio nhom
dir dinh sap xép la bao nhieu?

& Loi gidi.
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$> Vidu 46 (TS 10 Hai Duong 2020). Mot doan xe nhan ché 480 tan hang. Khi sip khéi hanh
doan c6 thém 3 xe nita nén moi xe chd it hon 8 tan so véi du dinh. Héi lac dau doan xe c¢6 bao
nhiéu chiéc? Biét rang cac xe chd khoi luong hang 1a nhu nhau.

 Loi gidi.
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$> Vidu 47 (TS 10 Qudng Ngdi 2020). Dé chuan bi vao nam hoc méi, ban An mudn mua mot
cai cap va mot doi gidy. Ban da tim hiéu, theo gia niem yét thi tong s6 tién dé mua hai vat dung
tren 14 850000 dong. Khi ban An dén mua thi cita hang c6 chuong trinh gidm gia: cai cap dugc
giam 15000 dong, doi giay dugc gidam 10% so vdéi gia niém yét. Do d6 ban An mua hai vat dung
trén chi v6i s6 tien 785000 dong. Hoi gia niem yét ctia moi vat dung trén 1a bao nhiéu?

® Li gidi.

C-BAI TAP TU LUAN CUNG cO

Bai 1 (Dé thi vao 10 THPT Tp. Ha NGi 1998-1999). Mot ngudi dy dinh di xe dap tit A dén B cach
nhau 36 km trong thoi gian nhat dinh. Sau khi di dugce nita quang duong ngusi d6 ding lai nghi 18
phiit. Do dé dé dén B ding hen ngusi dé da tang van tdc thém 2 km/h trén quang duong con lai.
Tinh van toc ban dau va thoi gian xe lan banh trén duong.

Ba&i 2 (P& thi vaio 10 THPT Tp. Ha Noi 2007-2008). Mot nguvi di xe dap tit A dén B cach nhau 24
km. Khi tt B trd vé A nguoi d6 ting van téc them 4 km/h so véi lac di, vi vay thoi gian vé it hon
thoi gian di 30 phat. Tinh van toc ctia nguoi di xe dap khi di tit A dén B.

Bai 3 (Pé thi vaio 10 THPT Tp. Ha N6i 2013-2014). Quéng dudng tit A dén B dai 90 km. Mot ngudi
di xe may tit A dén B. Khi dén B, ngusi d6 nghi 30 phit roi quay tré vé A véi van tdc 16n hon van
toc liic di 1a 9 km/h. Thoi gian ké tit Itic bat dau di tit A dén lac trd vé dén A 1a 5 gis. Tinh van toc
xe may lac di tit A dén B.

Bai 4. Mot o t6 khéi hanh tit A va dén B lic 12 gio trua. Néu xe chay véi van toc 40km/h thi sé dén
B cham 2 gio so véi du dinh. Néu xe chay v6i van toc 60km/h thi sé dén B s6m 1 gio 30 phit so véi
du dinh. Tinh do dai quang duong AB va thoi diém xuat phat ctia 6 to tai A.

~ . . . Z . 9. X <. - . 1 ~ N P ~ FS
Bai 5. Mot nguoi di tt A dén B trong mot gio. Lic tré ve nguoi do di 3 quang dudng véi van toc
16n hon lace di 1a 2km/h. Phan dudng con lai nguoi d6 di v6i van toce it hon lac di 1a 1km/h nén lic
vé cham hon luc di 1a 40 giay. Tinh doan duong AB.
Bai 6. Mot 6to dut dinh di tit A dén B trong mot thdi gian nhat dinh. Néu xe chay mdi gis nhanh
hon 10 km thi dén noi sém hon dy dinh 3 gid, con néu xe chay cham lai méi gio 10 km thi dén noi
cham mat 5 gio. Tinh van toc clia xe lic ban dau, thoi gian dy dinh va chiéu dai quang duong AB.
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Bai 7. Mot 6 to du dinh di tt A dén B trong khoang thdi gian nhat dinh. Biét rang, néu van toc
giam di 10 km/h thi 6 to dén B cham hon 96 phut so v6i dy dinh. Néu van téc tang them 20 km/h
thi 6 to6 dén s6m hon di dinh 2 gio. Tinh do dai quang duong AB.
Bai 8 (Pé thi vao I6p 10 trudng THPT chuyén DHSP Ha Néi ndm 2015). Quéng dudng AB dai
. 3 )
120 km. Lic 7 gio sang mot xe méy di tt A den B. Di duge 1% bi héng phai ding lai 10 phat de
stra roi di tiép véi van toc kém van toc lic dau 10 km/h. Biét xe may dén B luc 11 gio 40 phat trua
ciing ngay. Gia sit van toc xe may trén 1 quang dudng dau khong doi v van tdc xe may trén 1 quang
dudng sau ciing khong doi. Héi xe may bi hong lic may gio?
Bai 9. Mot 6 to tai di tit A dén B véi van toc 45 km/h. Sau 1 gio 30 phit thi mot xe con ciing xuat
phat di tit A dén B v6i van téc 60 km/h va dén B cung lic vé6i xe tai. Tinh do dai quang duong AB.
Bai 10. Hai nguoi di xe dap xuat phat ciing mot lac di tit A dén B. Van t6c cia ho hon kém nhau
3 km/h nén dén B sém muon hon nhau 30 phat. Tinh van téc ctia mdi ngudi, biét quang duong AB
dai 30 km/h.
Bai 11. Hai tinh A, B cach nhau 180 km/h. Ciing mot ltic, 6 to di tit A dén B va mot xe may di tit
B vé A. Hai xe gap nhau 6 thi tran C. Tt C dén B 6 to di hét 2 gio, con tit C vé A xe may di hét 4

gio 30 phat. Tinh van toc clia 6 t6 va xe may biét rang trén duong AB hai xe déu chay véi van toc
khong doi.
. } . ) . ) L oy 2

Bai 12. Mot 6 to di tir A dén B. Cung mot lic, mot 6 to khéc di tu B dén A véi van toc bang 3 van
toc 6 to thit nhat. Sau 5 gio ching gap nhau. Héi méi 6 to di cd quang duong AB mat bao lau?

Ba&i 13 (Pé thi vao 16p 10 trudng THPT chuyén DHSP Ha N&i ndm 2013). Trén quing dudng AB
dai 210 km , tai cing mot thoi diem mot xe may khaéi hanh tit A dén B va mot 6t 6 khéi hanh tit B
di vé A. Sau khi gap nhau xe may di tiép 4 gio nita thi dén B va 6 to di tiép 2 gio 15 phit nita thi
dén A. Biét ring van toc 6 to6 va xe may khong thay doi trong sudt ching duong. Tinh van tbc ciia xe
may va 0 to.

Bai 14. Mot ngudi di xe dap tit A dén B cach nhau 24 km vé6i van téc dy dinh. Khi di tt B tré vé
A nguoi d6 tang van toc trung binh thém 4 km/h so véi lac di, nén thoi gian vé it hon thoi gian di 1a
30 phit. Tinh van tdc trung binh ciia xe dap khi di tit A dén B.

Bai 15. Mot nguoi di xe dap tit A dén B v6i van téc 10 km/h va sau dé di tit B quay trd vé A véi
van toc 15 km/h. Tinh van toc trung binh clia ngudi d6 trong cd quang dudng di va vé?

- . 1 N .
Bai 16. Mot ngudsi di xe méy tit A dén B. Trong 3 quang duong dau nguoi do di v6i van toc 50

2 P .
km/h, trong 3 quang duong sau ngusi dé di véi van toc 60 km/h. Tinh van tdc trung binh clia ngusi
doé trén ca quang duong AB?

B&i 17 (Pé thi vao 10 THPT Tp. Ha N&i 2000-2001). Mot ca no chay trén song trong 8 h, xuoi dong
81 km va nguge dong 105 km. Mot 1an khac ciing chay trén khtc song d6, ca no nay chay trong 4 h,
xuodi dong 54 km va nguge dong 42 km. Hay tinh van téc khi xuoi dong va nguge dong clia ca no, biét
van toc dong nude va van tbc rieng ciia ca nd khong doi.

Bai 18 (Dé thi vaio 10 THPT Tp. Ha N&i 2006-2007). Mot ca no xudi dong trén mot khic song tit
A dén B dai 80 km, sau do lai ngude dong dén dia diém C' cach bén B 72 km. Thoi gian ca no xuoi
dong it hon thoi gian nguge dong 1a 15 phit. Tinh van toc riéng clia ca nod biét van toc clia dong nude
I3 4 km /b,

B&i 19 (Pé thi vao 10 THPT Tp. Ha N&i 2015-2016). Mot tau tun tra chay nguge dong 60 km, sau
do6 chay xuoi dong 48 km trén ciing mot dong song c¢6 van toc ctia dong nude 1a 2 km/gio. Tinh van
tdc clia tau tuan tra khi nuée yén lang, biét thoi gian xuo6i dong it hon thoi gian nguge dong 1 gio.

y J/ J J
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Bai 20. Mot chiée thuyeén xuodi va ngude trén khiic song dai 60 km hét 5 gio. Biét rang thoi gian xuoi

dong 6 km bang thoi gian ngugc dong 4 km. Hay tinh van téc ctia thuyen khi nude yén lang.

Bai 21. Lic 7 gio, mot ca no chay xuoi dong tit bén A dén bén B dai 30 km. Ca no nghi tai B 30
phiit. Sau do, ca noé nguge dong véi van toc rieng khong déi tit B vé dén A lac 11 gio 30 phit. Tinh
van toc riéng ctia ca no biét van téc dong nude 1a 4 km/h.

Bai 22. Mot chiée thuyen xudi dong duge 108 km rdi nguge vé 60 km. Thai gian xudi dong va ngude
dong tong cong mat 11 gio. Van téc xudi dong hon van téc ngude dong 14 6 km/h. Tinh van téc clia
thuyén xuoi dong va nguge dong.

Bai 23 (TS 10 Ha N6i 2020). Quang duong tit nha An dén nha Binh dai 3 km. Budi sang, An di bo
tit nha An dén nha Binh. Budi chiéu cling ngay, An di xe dap tit nha Binh vé nha An trén ciing quang
duong d6 véi van toc 16n hon van toc di bo ciia An 1a 9 km/h. Tinh van toc di bo clia An, biét thoi
gian di budi chiéu it hon thsi gian di budi sang 14 45 phit. (Gia dinh ring An di bo véi van téc khong
ddi tén toan bo quang duge do).

Bdi 24 (TS 10 Can Tho 2020). Mot truong THCS A t8 chric cho gido vien va hoc sinh di tham quan

tai mot khu du lich sinh thai vao cudi nam hoc. Gia vé vao cong clia mdi gido vien va hoc sinh lan
lugt 1a 70000 dong va 50000 dong. Nham thu hat khach du lich vao dip he, khu du lich nay da gidm
10% cho mdi vé vao cong. Biét ring doan tham quan c6 150 ngudi va tong s6 tién mua vé 1a 7290 000
dong. Hoi truong THCS A ¢6 bao nhiéu gido vién va bao nhiéu hoc sinh di tham quan?

Bai 25 (TS 10 Pién Bién 2020). Mot phong hop gom 180 ngudi déu xép déu trén cac day ghé. néu
them 80 nguoi thi phai ké thém hai day ghé va mdi day phai tdng thém 3 nguoi. Héi lic dau phong
hop c6 bao nhiéu day ghé?

Bdi 26 (TS 10 Khanh Hod 2020). Dé chung tay phong chéng dich COVID-19, hai truong A va B
trén dia ban tinh Khanh Hoa phat dong phong trao quyén goép ung ho ngusi dan cé hoan canh kho
khan. Hai truong da quyén gép duge 1137 phan qua gom mi tom (don vi thing) va gao (don vi bao).
Trong d6 mdi 16p cia truong A Ung ho duge 8 thung mi va bao gao; moi 16p cua truong B Uing ho
duge 7 thiing mi va 8 bao gao. Biét s6 gao it hon s6 thiing mi 1a 75 phan qua. Héi méi truong hop cé
bao nhiéu 16p?

Bai 27 (TS 10 Thai Nguyén 2020). Ong Minh du dinh di bing xe méy tit dia diém A dén dia diém
B cach nhau 80 km trong thdi gian dinh truge. Khi di duge 20 km tai dia diem C, xe clia ong hong
nén ong phai dimng lai sita xe mat 10 phiat. Sau khi siia xe xong, dé dam bao thoi gian nhu da dinh,
ong Minh tang van toc them 5 km/h. Trén quang duong di tit C' dén B. Hay tinh van toc xe clia ong
Minh trén quang duong A dén C.

Bd&i 28 (TS 10 Thira Thién Hué 2020). Dé xay dung thanh phé Hué ngay cang dep hon va khuyén
khich ngudi dan rén luyén stc khde, Uy ban nhan dan tinh Thita Thien Hué da cho xay dung tuyén
duong di bo ven bd Bic song Huong, tit cau Truong Tién dén cau Da Viéen c6 chieu dai 2 km. Mot
ngudi di bo trén tuyén dudng nay, khdi hanh tit cau Truong Tién dén cau DA Vién roi quay veé lai cau
Truong Tién hét tat ca = gio. Tinh van toéc clia nguoi d6 lac vé, biét rang van toc lic di hon van toc
lac vé 1a 0,5 km/h.

Bai 29. Dé chd hét 60 tan hang, mot doi xe du dinh st dung mot s6 xe ciing loai. Trude khi khéi
hanh, c6 2 xe dude dieu dong di lam viéc khac, vi vay mdi xe con lai phai ché nhiéu hon dy dinh 1
tan hang. Héi lic dau doi duy dinh dung bao nhiéu xe?

Ba&i 30 (Pé thi vao 10, $& gido duc Ha Noi, 2018). Mot manh dat hinh chit nhat c¢6 chu vi bing
28 mét va do dai duong chéo bang 10 mét. Tinh chiéu dai va chiéu rong ciia hinh chit nhat theo don
vi mét.

Bai 31. Mot khu vuon hinh chit nhat c6 chu vi 1a 180 m. Néu gidm chiéu dai di 20% va tang chicu

. 6 N . .
rong thém 20 m thi dién tich mdéi bang — dién tich cii. Tinh chieu dai va chiéu rong ctia khu vuon.

101/223‘- ﬂ




4. GIAI BAI TOAN BANG CACH LAP PT HOAC HPT Trén dudng thanh coéng, khong cé ddu chan cla ké ludi biéng

y J J J
Bai 32 (Dé thi tuyén sinh vao 10, Tinh Ninh Binh, 2018). Mot hinh chit nhat c¢é chu vi bing 28

cm. Tinh chiéu dai va chiéu rong clia chit nhat, biét ring néu tang chiéu dai thém 1 cm va tang chiéu

rong thém 2 cm thi dién tich hinh chit nhat dé6 tang them 25 cm?.

B&i 33 (Pé thi vaio 16p 10, Tinh Qudng Tri, 2018). Mot manh dat hinh chit nhat ¢6 dien tich 360 m2.
Néu tang chiéu rong len 2m va gidm chicu dai di 6m thi dién tich manh dat khong doéi. Tinh chu vi
ciia manh dat ban dau.

Bdi 34 (Tuyén sinh 10, Yén Bdi, 2018).
Mot tam ton hinh chit nhat c6 chu vi 1a 48 cm. Ngudi ta cat bo 2 2
moi goc clia tAm ton mot hinh vudng c¢6 canh 2 cm roi gap len 2 2
thanh mot hinh hop chit nhat khong nap c6 thé tich 96 cm?®. Tinh
dién tich tam ton ban dau.

2 2

Bai 35. Cho hai voi nuéc cliing chdy vao mot vé khong c¢é nuée thi sau 5 gio day bé. Néu lac dau chi
md voi thit nhat chay trong 2 gio roi déng lai, sau d6 mdé voi thit hai chay trong 1 gio thi ta dudge i
bé nude. Héi néu maé rieng ting voi thi thoi gian dé mdi voi chay day bé la bao nhieu?

Bdi 36. Hai voi nu6e cimg chay vao mot bé nude can (khong c6 nuée) trong 1 gio 12 phit thi day
bé. Néu md voi thit nhat chay trong 30 phit va voi thit hai chay trong 1 gis thi duge % bé. Hoi moi
voi chdy mot minh thi sau bao lau day bé?

Bai 37. Hai voi nudc cliing chdy vao mot bé nude can khong ¢6 nuée trong 12 gio thi day bé. Néu mé
voi thit nhat chay trong 4 gio roi khoa lai va mé tiép voi thit hai chdy trong 3 gio thi dugc % bé. Hoi
mdi voi chdy mot minh thi sau bao lau day bé?

Bai 38. Hai voi nutée ciing chdy vao mot bé khong c6 nude. Néu cho voi mot chdy trong 3 gis va cho
voi hai chdy trong 8 git thi day bé. Néu cho voi mot chay trong 1 gid, rdi cho ca hai voi cling chiy
tiép trong 4 gio nita thi dugc 9 bé. Héi mbi voi chdy mot minh thi sau bao lau day bé?

Bdi 39. Hai voi nudc cling chay vao mot bé khong c¢6 nude va chay day bé trong 4 gio 48 phit. Néu

chay rieng thi voi thit nhat c6 thé chay day bé nhanh hon voi thit hai 1a 4 gis. Hoi néu chay rieng thi
mdi voi sé chay day bé trong bao lau?

Bdi 40. Hai doi cong nhan ciing lam xong mot cong viéc trong 12 ngay. Nhung ho chi lam cting nhau
duge 6 ngay thi doi 17 phai di lam viéc khac, con doi I tiép tuc lam v6i nang suat ting gap doi so véi
ltc ban dau nén da hoan thanh phan viéc con lai sau d6 7 ngay. Hoéi néu rieng moi doi lam xong cong
viéc d6 trong may ngay?

Bdi 41. Hai nguoi cong nhan ciing lam chung mot cong viéc thi hoan thanh trong 16 gio. Néu nguoi
thi nhat lam 3 gio va ngudi thit hai lam 2 gio thi ho lam duge G cong viec. Hoéi néu lam mot minh
thi mdéi ngudi hoan thanh cong viéc d6 trong bao lau?

Bai 42. Hai doi xay dung cting lam chung mot cong viéc va dir dinh xong trong 12 ngay. Ho cling
lam chung véi nhau duge 8 ngay thi doi I duge dieu dong di lam cong viéc khac, doi 17 tiép tuc lam

phan viéc con lai trong 7 ngay thi xong. Ho6i néu doi I 1am mot minh thi sau bao nhiéu ngay sé lam
xong cong viéc?

Bdi 43. Hai ngudi thg ciing lam chung mot cong viée thi hoan thanh trong 4 gis. Néu mdi ngusi lam
rieng, dé hoan thanh cong viéc thi thoi gian ngusi thit nhat it hon ngusi thit hai 1 6 gic. Héi néu lam
rieng thi mdi ngudi phai lam trong bao lau dé hoan thanh cong viec?
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Badi 44. Hai ngudi cing lam chung mot cong viéc trong 5 gis thi xong. Néu moi ngusi lam mot
minh thi nguoi thit nhat hoan thanh cong viéc it hon nguoi thi hai 1a 2 gio. Héi néu lam mot minh
thi mdi ngusi phai lam trong bao nhiéu thoi gian dé xong cong viec?

Bai 45. Hai nguoi cong nhan ciing lam chung mot cong viéc thi hoan thanh trong 8 gis. Néu ngusi
thit nhat lam 2 gio vA ngudi thid hai lam 3 gio thi ho lam dugc 3 cong viec. Hoéi néu lam mot minh
thi moéi nguoi hoan thanh cong viéc d6 trong bao 1lau?

Bai 46. Hai ngudi thg cting lam mot cong viéc trong 16 gio thi xong. Néu ngusi thit nhat lam 3 gio,
nguoi thit hai lam 6 gio thi chi hoan thanh dugc 1 cong viéc. Héi néu lam riéng thi moéi ngusi hoan
thanh cong viéc trong bao lau?

Bai 47. Hai nguoi cing lam chung mot cong viée thi sau 4 gio 30 phat ho lam xong cong viéc. Néu
mot minh ngudi thit nhat lam trong 4 gio, sau d6 mot minh nguoi thit hai lam trong 3 gio thi ca hai
ngudi lam duge 75% cong viec. Hoi néu moi nguoi lam mot minh thi sau bao lau sé xong cong viec?
(Biét rang nang suat lam viéc clia mdi ngusi la khong thay doi).

Bai 48 (TS 10 Nghé An 2021). Vao thang 5 nam 2021, chi sau 26 gid phat hanh san pham MV am
nhac “Tron tim”ctia rapper Den Vau da chinh thic danh Topl trending ctia YouTube Viét Nam. Gia
st trong tat ca nhiing ngudi xem MV, c6 60% s6 ngusi da xem 2 lugt va nhitng ngudi con lai méi chi
xem 1 lugt. Héi dén thoi diém noi trén c6 bao nhiéu ngudi da xem MV biét, biét ring tdng s6 luot
xem la 6, 4 triéu lugt?

Bai 49 (TS 10 Qudng Ngdi 2021). Quing duong AB gom mot doan lén dbc dai 4 km, mot doan
bang phang dai 3 km va mot doan xudng dbc dai 6 km (nhu hinh vé). Mot ngusi di xe dap tit A dén
B va quay vé A ngay hét tong cong 130 phit. Biét ring van tdc ngudsi do di trén doan duong bing
phang 1a 12 km/h va van tdc xudng déc 16n hon van tde lén ddc 5 km/h (van tde lén doe, xudng doc
lac di va vé nhu nhau). Tinh van toc lac len doc va lic xuéng doc clia ngudi do.

3 km

4 km 6 km
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Bi15. HAM SO VA PO THI

<% Dinh nghia 5.1.

® Ham s6 bac nhat 1a ham s6 dude cho béi cong thic y = ax + b, trong d6 a, b 1a cac sd thuc
cho trude (a # 0).
Dic biet khi b = 0 thi ham s6 bac nhat c¢6 dang y = ax.

@ Phuong trinh bac nhat hai an cé dang ax + by = ¢, trong dé a, b, ¢ la cac s6 thiyc da biét
(a # 0 ho#c b # 0).
Néu b # 0 thi phuong trinh c¢6 thé dua vé dang y = ma + n.

®@ Ham s6 y = az?® (a # 0) la ham s6 bac hai dac bigt.
$® Tinh chat 5.1.

® Ham s6 y = ax + b (a # 0) xdc dinh véi moi v € R va

— dong bién trén R khi a > 0;
— nghich bién trén R khi a < 0.

® Ham s6 y = az? (a # 0) xdc dinh vdi moi v € R va

— néu a > 0 thi ham s6 nghich bién khi x < 0, dong bién khi x > 0;

— néu a < 0 thi ham s6 nghich bién khi x > 0, dong bién khi z < 0.

B 96 thi

® Do thi ham s6 y = ax + b (a # 0) 1a mot dudng thing

— cit truc tung tai diém c6 tung do bang b;
— song song v6i duong thing y = az néu b # 0 va trung v6i duong thang y = ax néu b = 0.
S6 a goi 1a hé s6 goc, s6 b goi 1a tung do goc clia dudng thang.
Goi a la géc tao bdi dudng thing y = azx + b (a # 0) va truc Oxz.
— Néu a > 0 thi tana = a.
— Néu a < 0, ta dat 8 = 180° — a. Suy ra tan 3 = |a].
Ta tim 3 10i suy ra o = 180° — 3.
® D6 thi ham s6 y = az? (a # 0) 1a mot parabol dinh O va nhan truc Oy lam truc doéi xing.
— Néu a > 0 thi dd thi nim phia trén truc hoanh, O la diém thap nhat ctia do thi va gia tri
nhé nhat ctia ham s6 1a y = 0.

— Néu a < 0 thi do thi ndm phia dudi truc hoanh, O la diém cao nhéat ctia do thi va gia tri

y J/ J J

l16n nhat ctia ham s6 1a y = 0.
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B Vi tri twong déi clia hai dudng théng, clia dudng théng va parabol

Cho cac dudng thang d: y = ax + b, d': y = o’z + V' va parabol (P): y = kx? (véi a, d/, k #0).
Khi do

@dcitd & a#d.
@djdoa=dab+l.
@d=desa=dvab=V.
@dldsa-d=-1
Xét phuong trinh kz? = ax + . (1)
®@ Néu phuong trinh (1) vo nghiém thi (P) khong cat d.
®@ Néu phuong trinh (1) c6 hai nghiém phan biét thi (P) cit d tai hai diém phan biét.

)
)
®@ Néu phuong trinh (1) ¢6 nghiém kép thi (P) va d tiép xic nhau.
Hoanh do giao diém (hodc tiép diém) ctia (P) va d chinh Ia nghiém ctia (1).

B- CAC DANG TOAN

& Dang 1. Tim tham s m biét ham sé bac nhét di qua diém cho truéc

a) Budc 1. Thay toa do diém thudc do thi vao phuong trinh dudng thang.

b) Budc 2. Gidi phuong trinh an m.

> Vidu 1. Cho ham s6 y = (m + 1)z — 1.
a) Tim m dé dd thi ham s6 da cho di qua diém A(1;3);
b) Tim m dé do thi ham s6 da cho di qua diém B(3;1);

c¢) V& do thi ham s6 tim dugce ting v6i gia tri clia m tim duge 6 cau a) va b).

® L3i gidi.
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> Vidu 2. Cho hamsé y = (m — 1)z + 1.
a) Tim m dé do thi ham s6 da cho di qua diém A(1;2);
b) Tim m dé do thi ham s da cho di qua diém B(3; —2).

¢) V& do thi ham s6 tim dugc ting véi gia tri ctia m tim duge ¢ cau a) va b).

® Ldi gidi.

¢ Vidu3. Chohamséy = (m— 1)z +m
a) Tim m dé dd thi ham s6 da cho cit truc hoanh tai diém c6 hoanh do bang 2;

b) Tim m dé dd thi ham s6 da cho cit truc tung tai diém c6 tung do bang 2.

® Ldi gidi.

> Vidu4. Chohamséy=(m—2)z+m—1

a) Tim m dé dd thi ham s6 da cho cit truc hoanh tai diém c6 hoanh do bang 2;
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‘ b) Tim m dé do thi ham s6 da cho cit truc tung tai diém c6 tung do bing 2.

® Loi gidi.

2 Dang 2. Tinh khodng cdch tir géc toa dé O
téi mét dwong thang cho truéc khong di qua O

Dé tinh khodng cach tit gbc toa do O t6i duong thang d khong di qua O, ta lam nhu sau:
®@ Budc 1. Tim lan lugt toa do giao diéem A, B ctia duong thang d véi hai truc toa do Oz, Oy;

® Budc 2. Goi H la hinh chiéu ctia O lén dudng thing d. Xét tam giac vuong OAB c6 hé thic
1 1 1

OH? ~ 0A% 0B
Tt dé tinh duge do dai OH chinh la khodng cach tit O dén dudng théng d.

$> Vidu 5. Cho duong thing d: y = 2 + 1. Tinh khoang cach:
a) Tt gbc toa do O t6i dudng thang d;

b) Tit diem M (—1;1) t6i dudng thang d.

D L&i gidi.
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&> Vidu 6. Cho duvng thang d: y = x — 1. Tinh khoang céch:
a) T goc toa do O téi duong thang d;

b) Tit diém M(1;1) t6i dusng thang d.

® Loi gidi.

B Dang 3. Xét vi tri twong ddi ctia hai dudng théng

Cho hai duong thang: d: y =ax +b (a #0) vad 1y =ad'z+V (a’ #0). Khi dé:

a=a

a) d va d song song < {b Ly

a=a

b) d va d' trung nhau < {b Y

¢) d va d' cit nhau & a # a/. Dic biet d va d’ vuong goc véi nhau < a-a’ = —1.

$> Vidu 7. Cho duong thiang A :y = (m + 1)z — 5 v6i m la tham s6. Tim m dé:
a) A song song véi duong thang d,: y = 4z + 3;

b) A cit duong thing do: y = 2 + 2 tai diém c6 hoanh do bing 1;

2 3 1
¢) A vuong géc v6i dudng thang ds: y = =T 5
@ Loi gidi.
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$> Vidu 8. Cho cac dusng théng:

d:y=(m—2)z+m+T, dy:y=—mx—3+2m;
dy:y=—mx—2m+1; d3:y:—§x+§;

1
d4:y:—6(m+3)x+4.

Tim m deé:

a) d /| di; b) d = dy;

., . 1
c) d cat ds tai diem c6 tung do y = §; d) d L dy.

® Loi gidi.

’ . N . - 2 2 . < 2 N 1 S
O Vidu 9. Chitng minh rang giao diém ctia hai duong thang y = —max va y = —x + 4 ludn nam
m

trén mot duong tron c6 dinh véi moi m # 0.

® Li gidi.
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Dé xac dinh phuong trinh dudng thang, ta thudng lam nhu sau:
Bude 1. Goi d: y = ax + b 1a phuong trinh dudng thang can tim (a, b 1 hing s6, a # 0);
Budc 2. Tu gia thiét ctia dé bai, tim dudc a, b tit d6 di dén két luan.

A Chi §: Moi duong thing song song vdi duong thing y = ax + m luon cé phuong trinh
y = ax +b. Khi do, dé zdc dinh phuong trinh duong thang ching ta can xdc dinh b.

$> Vidu 10. Viét phuong trinh duong thing d trong céc trudng hgp sau:
a) d di qua hai diém A, B v6i A(1;3) va B(2;4);

b) d di qua hai diém C, D v6i C(—3;2) va D(2;3).

® Loi gidi.

$> Vidu 11. Viét phuong trinh dudng thang d trong cac truong hop sau:
a) d di qua M(2;—3) va song song véi dy: y = —2x + 5;

b) d di qua N(—1;—2) va vudng goc v6i dp: y = —x — §;

. : 4 3
¢) d song song véi ds: y = 3x — 4 va di qua giao diem cta hai duong thang dy : y = gx + g;

d5121}—3.

® Loi gidi.
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$> Vidu 12. Tim a va b dé dudng thing d: y = ax + b

a) Cat dy: y =  + 4 tai mot diém ndm trén truc Oz va cit dy: y = 5 — 3 tai mot diém nim
trén truc Oy.

b) Di qua diém M (1;2) va chan trén hai truc toa do nhitng doan bing nhau.

¢) Song song véi ds: y = x + 6 va khoang cach tit O dén d bang 2v/2.

o Li gidi.
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$ Vidu 13. Viét phuong trinh duong thing d trong cac trudng hgp sau:
v S 2
a) d di qua M(—3;1) va c6 hé so goc bang 5
b) d di qua N(1;2) va tao véi tia Ox mot goc 60°%;

¢) d di qua diém P(0; —2) va tao v6i tia Ox mot goc 135°.

® Loi gidi.

$® Vidu 14. Viét phuong trinh dusng thing d trong cic trudng hgp sau:

a) d c6 hé so goc bang —3 va chan trén hai truc toa do mot tam giac c¢6 dién tich bang 12;

. N 4 . . 3
b) d c6 hé s6 goc bang ~3 va khoéng cach tit O dén d bang v
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& Dang 5. Giao diém clia parabol vé dudng thdng

Cho parabol (P): y = az? (a # 0) va dudng thing d: y = mx +n. D& tim toa do giao diém (néu
c6) cua (P) va d ta lam nhu sau:

® Xét phuong trinh hoanh do giao diém ctia (P) va d.

az® = mz +n. (*)

® Giai phuong trinh () ta tim duge nghiém (néu c6). Tl d6 ta tim duge toa do giao diém clia
(P) vad.

A 56 nghiem cia (%) bing ding s6 giao diém cia (P) va d, cu thé:
@ Néu (%) vo nghiém thi d khong cat (P).
@ Néu (x) c6 nghiém kép thi d tiép mic vdi (P).

® Néu (%) c6 hai nghiém phan biét thy d cat (P) tai hai diém phan biét.

> Vidu 15. Cho (P) :y = }le va (d) 1y =—2z— 3.

a) Vé (P) va (d) trén cung hé truc toa do.

b) Tim toa do giao diém ctia (P) va (d) bing phép tinh.

D Loi gidi.
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¢ Vidu 16. Cho ham s6 y = 0,2522 ¢6 do6 thi (P) va ham s6 y = — 1 ¢6 do thi (D).
a) Vé (D) va (P) trén ciing mot mat phang toa do.

b) Tim toa do giao diém ctia (D) va (P) bing phép toan.

® Loi gidi.

$> Vidu 17. Trong mit phéng toa do Ozy cho dudng thing (d): y = 2z + m? — 1 va parabol
(P): y = 2? (v6i m la tham s0).

a) Tim m dé (d) cat (P) tai hai diém phan bigt A va B.

b) Goi H va K lan lugt 1a hinh chiéu vuoéng géc ctia A va B trén truc hoanh. Tim m dé do dai
khoang HK bang 3 (don vi do dai).
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$> Vidu 18. Cho parabol (P): y = 2% va dudng thang (d): y = (m — 1)z +m?2+1, v6i m 1a tham
50.

a) Chiing minh (d) luon cit (P) tai hai diém phan bigt nam vé hai phia clia truc tung.

b) Goi x1, w3 1a cAc hoanh do giao diem ctia (d) va (P). Tim cac gia tri ciia m, biét ring
21| + | 22| = 2V/2.

® Loi gidi.
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> Vidu 19. Trén mat phéng toa do Oxy cho parabol y = 2% (P) va dudng thang y = mx + 3 —
m (d) (vdi m la tham so).

a) Chitng minh dudng thang (d) luon di qua diéem M (1;3).

b) Tim m dé duong thing (d) cit parabol tai hai diém phan biét ndm vé hai phia ctia diém M.

® Loi gidi.

C-BAI TAP TU LUAN CUNG c6

Bdi 1. Cho ham s6 y = (m + 5)z + 2m — 10.
a) V6i gia tri ndo clia m thi y 1a ham s6 bac nhat.
b) V6i gia tri ndo ctia m thi ham s6 dong bién.
¢) Tim m dé do thi ham s6 di qua diém A(2;3).
d) Tim m dé do thi cit truc tung tai diém c6 tung do bang 9.
e) Tim m dé dd thi di qua diém 10 trén truc hoanh.
f) Tim m dé do thi ham s6 song song vé6i do thi ham s6 y = 2z — 1.

g) Chiing minh d6 thi ham s6 luon di qua 1 diém c6 dinh v6i moi m.
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h) Tim m dé khoang cach tit O t6i dd thi ham s6 1a 16n nhat.
Bdi 2. Cho duong thing y= (2m — 1)z +3 —m (d). Xac dinh m dé
a) Duong thang (d) qua gdc toa do.
b) Duong thang (d) song song v6i dusng thang 2y — x = 5.
¢) Dudng thang (d) tao véi Ox mot gée nhon.
d) Duong thang ( d ) tao véi Ox mot goc tiL.
e) Duong thang (d) cit Ox tai diém c6 hoanh do 2.
f) Duong théng ( d ) cit dd thi ham s6 y = 22 — 3 tai mot diém c6 hoanh do la 2.
g) Dudng thang (d) cit do thi ham s6 y = —z + 7 tai mot diém c6 tung do y = 4.
h) Duong thang (d) di qua giao diém ctia hai dudng thang 2z — 3y = —8 v& 2z — 3y = —8.
Bai 3. Cho ham s6 y = (2m — 3)x +m — 5.
a) Vé do thi ham s6é véi m = 6.
b) Chitng minh ho duong théng luon di qua diém cé dinh khi m thay doi.

¢) Tim m deé do thi ham s tao véi 2 truc toa do mot tam gidc vuong can.

)
)
)
d) Tim m dé do thi ham s6 tao véi truc hoanh mot goc 45°.
e) Tim m dé do thi ham s6 tao véi truc hoanh mot goc 135°.
f) Tim m dé dd thi ham s cit duong thang y = 3z — 4 tai mot diém trén Oy.
g) Tim m dé d6 thi ham s cit dudng thang y = —2 — 3 tai mot diém trén Ox.

Bdi 4. Chitng minh rang duong thang (m + 2)x + y + 4m — 3 = 0 luon di qua mot diém c6 dinh v6i
moi gia tri cua m.

Bdi 5. Xac dinh duong thang di qua hai diém A(—3;0) va B(0;2).

Bdi 6. Cho dudng thiang (d;): y = 20122 + 2. Xac dinh duong thang (dy) sao cho (d;) va (dy) cit
nhau tai mot diém ndm trén truc tung.

Bdi 7. Cho ham s6 y = max + 3 (d). Tim m dé khoang cach tit géc toa do O dén duong théng (d) 1a
16n nhat.

Bdi 8. Cho hai duong thang (d;): (m — 2)z +4my +1 =0 va (dy): (m — 2)z + 2012y +5 —m = 0
(m 1a tham s6).

a) Chiing minh ring (d;) luon di qua mot diém c6 dinh khi m thay doi.

b) Tim m dé hai duong thang (d;), (do) cit nhau tai moi diém thude truc hoanh.
B&i 9. Cho ham s6 y = f(x) = (m — 2)x + 2 ¢6 do thi la duong thang (d).

a) Tim m dé (d) di qua diem M (—1;1).

b) Xac dinh m dé khoang cach tit diem O(0;0) dén (d) c6 gia tri 16n nhat.

Bai 10. X&c dinh phuong trinh duong théng d biét
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a) d di qua diem A(—4;1) va B(—2; —3);

b) d di qua C(—2;2) va ¢6 he sb goc bang —2;

c) d di qua D(—1;2) va cat duong thang d;: y = 2z — 2 tai mot diém trén truc tung;

d) d di qua E(4; —5) va di qua giao diém ctia hai dudng thing dy: y = 42 + 3 va d3: y = 3z + 4.

Bdi 11. Cho ham bac nhit y = (m — 1)z + 3 — m véi m 1a tham s6 m # 1 ¢6 dd thi Ia dudng thang
(d).

a) Tim m dé (d) di qua diem M(—1,4).

b) Tim m dé khodng céach tit gbc toa do dén dudng thang (d) 14 16n nhat.

Bdi 12. Cho dudng thing (d): y = 2ma — m? + 4 va parabol (P): y = 2%, trong d6 m 1a tham sb
thue.

a) Tim toa do giao di¢m ctia dudng thing (d) va parabol (P) khi m = 1.

b) Goi x1, 7o 1 hoanh do giao diém clia (d) va (P). Tim m dé hoanh do giao diém ctia (d) va (P)
thoa man diéu kién x; + 225 = 3.

Bai 13. Cho parabol (P): y = 22 va dudng thang (d): y = mz —m + 1.
a) Tim toa do giao diém clia cac parabol (P) va duong thang (d) khi m = 3.
b) Tim m dé dudng thang (d) cat parabol (P) tai hai diém nam vé hai phia clia truc tung.
Bdi 14. Cho parabol (P): y = 22 va duong thang (d): y = 2mz — 2m + 1 (v6i m 1a tham s6).
a) Chitng minh (d) va (P) luon c¢6 diem chung.
b) Tim m dé (d) cat (P) tai hai diém c6 hoanh do 1, 5 thda man 2? = z, — 4.
Bdi 15. Trong mit phing toa do Oxy, cho dudng thang (d): y = 3z — m va parabol (P): y = 2.
a) V6i m = —4. Tim toa do céc giao diém ctia duong thang (d) va parabol (P).
b) Tim gié tri ctia m dé dudng théng (d) v parabol (P) cit nhau tai hai diém phan biét c6 hoanh
do 1, xo thoa méan \/§+ \/E = /5.
Ty T
Bai 16.
a) Tim m dé (d) luon cat (P) tai hai diém phan biét.

b) Tim cac gia tri ctia m dé (d) cat (P) tai hai diém phan biet M (x1; 1), N(z2;92) sao cho y; + 1y =
3(271 + ZL‘Q).

Bdi 17. Trong mit phang toa do Ozy cho duong thang (d) : y = (m+3)z—m va parabol (P) : y = 222
v6i m 1a tham s6.

a) Tim toa do giao diém clia (d) va (P) khi m = —2, 5.

b) Tim tat ca cac gid tri ctia m dé (d) cit (P) tai hai diém phan biét c6 hoanh do z;,z; dé biéu
thitc A = |z, — 15| dat gia tri nhd nhat.

Bai 18 (TS 10 Binh Duong 2021). Cho Parabol (P) : y = 2% va duong thang (d) : y = 5z + 6.
a) Vé do thi (P).

y J/ J J
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b) Tim toa do cac giao diém ctia (P) va (d) bing phép tinh.

¢) Viét phuong trinh dudng thang (d') biét (d') song song véi (d) va (d') cat (P) tai hai diém phan
biét c6 hoanh do lan luct 1& 1, x9 sao cho z; - x4 = 24.

B&i 19 (TS 10 Binh Thuén 2021). Cho ham s6 y = 222 c6 dd thi (P).
a) Vé do thi (P) trén mit phang toa do Ozy.

b) Tim tat ci cic gia tri clia tham s6 m dé dudng théng (d): y = 2ma + 1 cat (P) tai hai diém
phan biét ¢6 hoanh do 1a zq, xo théa méan z; < xg VA |z — |21| = 2021.

Bdi 20. Cho duong thing d: y = (m — 2)z 4+ m + 3 va parabol (P): y = ma? vi v6i o 1a an va m # 0
1a tham s6.

1) Khi m = —1, hay
a. Vé (P) va d trén cung hé toa do Oxy.
b. Tinh dién tich tam gidc OMN véi M, N la cac giao diém ctia d va (P).
2) Tim gi4 tri ctia m dé
a. d di qua K(—2;2);
b. Ba dudng thing di: y =22+ 3, do: y = —x + 1, va d dong quy;
c. d tao véi duong thing y = 2 mot goc 135°.
d. d song song v6i duong thang A, biét A di qua I(1;2) va vudng goéc véi dudng thang A': 2 —
y+3=0;
e. (P) di qua diém c6 dinh ctia d;
f. d cit cac truc toa do Oz, Oy tao thanh cic tam gidc c¢6 dién tich bang 2|m — 2;
g. Khoang cach ti O(0;0) dén d 16n nhat.
3) Viét phuong trinh dudng thang ds song song véi d; : y = 2x + 3 va di qua diém cb dinh clia d.
4) Goi A(x1;y1) va B(z9;92) cac giao diém clia d va (P). Hay tim
a. Heé thic doc lap gitta xq7 va xo; b. Gia tri nhé nhat clia biéu thic Q = 2+ 2.
5) Goi A(za;y4), B(rp;yp) 1a cic giao diém clia d va (P). Hay tim m dé:

. A va B nam veé hai phia ctia truc tung;

a
b. A vd B nam vé cung phia ctia duong thang x = 1;

o

21 va xo thdéa man heé thic x; = 2xo;

-

AB song song véi dudng thing dy: y = 7z + 2017. Tinh diéen tich tam gidc OAB v6i m vita tim
dugc.

Bdi 21. Cho parabol (P): y = 222 va duong thing d: y = (m — 3)z +m v6i x 1a an va m 14 tham sb.
1) Khi m = —2, hay

a. Vé (P) va d trén cung hé truc toa do Oxy.
b. Tinh dién tich tam gidc OM N véi M, N la cac giao diém ctia d va (P).

2) Tim gia tri ctia m dé

a. ddiqua M(=1;2)vad [/ dy:y=2x+3.
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b. d tao v6i Ox mot goc 60°.

c. d cat hai truc toa do tao thanh tam giac c6 dién tich bang 2.

d. Tim m dé khoang cach tit O(0;0) dén d 16n nhat.
3) Viét phuong trinh dudng thang ds vuong goc véi dy: y = —22 + 1 va di qua diém c6 dinh ctia d.
4) Chitng minh ring d luon cit (P) tai 2 diém phan biét.
5) Goi A(zy1;y1) va B(xg; 1) céc giao diém clia d va (P). Hay tim

a. Tim cac hé thic doc lap gitta x1 va xa;

. 2 1 1
b. Tim gia tri nhé nhat clia bieu thic Q = — + —;
Ty Ty

c. Tim m dé A, B ¢6 hoanh do am;

. 3
d. Tim m dé (222 + ma1) (222 + may) = 5
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Bi16. PHUONG TRINH VO TY

A-CAC DANG TOAN

& Dang 1. Pua vé phuong trinh dang co bén

(hoac B > 0)

$> Vidu 1. Giai cac phuong trinh sau

NG 1
a) V3z—1-vz+7=0. b .
) V32 Ve ) 24+8 3

a) V2xr +27—x=6. b) Vx+7—-5=—z.

® Ldi gidi.
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y 4/ J J

& Dang 2. Bua vé phuong trinh tich

$> Vidu 3. Gidi phuong trinh (22 + 7)v2x + 7 =22+ 92 + 7.

 Loi gidi.
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¢ Vidu 4. Giai phuong trinh 22v/z + 2 + 15 = 3v/x + 2 + 10x.

o Li gidi.

$> Vidu 5. Giai phuong trinh 22 + 2 — 1 = (z + 2)v22 — 22 + 2

o Li gidi.
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¢ Vidu 6. Giai phuong cac trinh:

a) V2 +10x+21=3vVr +3+2v/x+7—-6
b) Vad —22%2 -3z +6—4v2? -3 —r —2=—4
) V—a?+4rx+5+4=2/r+1+2V/5—x

® Loi gidi.
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o Li gidi.

¢ Vidu 8. Giai phuong trinh: 3vr +1-3vVor —1=+va22+ 52 +4— Va2 + 3z —4

@ Li gidi.
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%& Dang 3. bat &n phu hodn toén

Ta can gidl phuong trinh F(z) = 0.

Bude 1 Dat t = \/f(x) hodic t = \/f(x) + k hodic t = \/f(z) £ \/g(x).

Bude 2 Dua phuong trinh ban dau vé dang G(t) = 0an ¢ da biét cach giai.

Bude 3 V6i moi nghiem ¢y ctia phuong trinh G(¢) = 0, giadi phuong trinh to = /f(z) hodic ty =
V f(x) + k hodc tg = v/ f(z) £ y/g(x). Sau d6 dbi chiéu véi diéu kien ctia phuong trinh ban

dau dé két luan nghiem.

> Vidu 9. Giai phuong trinh 22 4+ v22 + 1 —5=0.

o Loi gidi.

® Loi gidi.
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® L3i gidi.

& Dang 4. Bat &n phu khdng hodn todan

Ta can giai phuong trinh F(x) = 0.
Bude 1 Dat t = f(x).
Bu6c 2 Dua phuong trinh ban dau vé dang G(t,z) = 0 an t da biét cach giai.

Bude 3 V6i mdi nghiém ¢y ciia phuong trinh G(¢) = 0, giai phuong trinh tg = f(z). Sau d6 d6i chiéu
v6i didu kién ctia phuong trinh ban dau dé két luan nghiem.

¢ Vidu 12. Gidi phuong trinh 2z — 1+ 2% — 32+ 1 = 0.

® Li gidi.
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® Loi gidi.

B Dang 5. Dat &n phu bang héng sé

Ta can giai phuong trinh F(x) = 0.

Vé mit ¥ tudng, chiing ta dao vai tro an so6 thanh hé s6 va he s6 lam an.
20 =1 1 =2z

2 = 2

r+2=1 l=z“42
nhién ta coi 1 1a an s6. Dit y = 1, ta ¢6 phuong trinh y? — (22 — 2z + 2) — 2z(2? + 2) = 0. Diéu
nay c6 rat ¢ ¥ nghia ¢ chd chuyén tit mot phuong trinh bac cao vé phuong trinh bac hai. Tit phan
tich nhu vay, ta khai quat thanh phuong phap nhu sau:

Vi du nhu (22 + 1)(1 — (22 + 2)) = 0 thi ta c6 [ . Do d6, mot céch ty

Bude 1 Dat K = f(z) v6i K 1a hang sb.
Bude 2 Dua phuong trinh ban dau vé dang G(K,z) = 0 an K da biét cach giai.

Bude 3 V6i moi nghiem K ctia phuong trinh G(K, x) = 0, giai phuong trinh K = f(z). Sau d6 do6i
chiéu véi diéu kién ctia phuong trinh ban dau dé két luan nghiem.

$® Vidu 14. Giai phuong trinh 22 + 2v/2 — 22 = 2.

® Loi gidi.
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¢ Vidu 15. Giai phuong trinh 22 — 3z + 1+ 22 — 1 = 0.

® Loi gidi.

& Dang 6. Dat &n phu dua vé phuong trinh déng cép

Phuong trinh déng cap bac la phuong trinh dang au? + buv + cv?® = 0.
Bude 1 Dat u = f(z),v = g(x).

Budc 2 Dua phuong trinh ban dau vé dang au? + buv + cv? = 0 hoiic au + bv = cy/uv hoac au+bv =

Veu? + do?.

Budc 3 Thay nghiém thu duge & buée 2 vao v hodc v. Gidi phuong trinh, sau d6 doi chiéu véi dieu
kién ctia phuong trinh ban dau dé két luan nghiem.

¢ Vidu 16. Giai phuong trinh 5v/z% + 1 = 2(2% + 1).

® Loi gidi.
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® Loi gidi.

& Dang 7. Dét dn phu dua vé hé phuong trinh

Ta can gidi phuong trinh F(z) = 0.
Buée 1 Dat u = f(x),v = g(x).
Bu6c 2 Dua phuong trinh ban dau vé hé phuong trinh.

Bu6c 3 Thay nghiem thu dude & bude 2 vao u hodic v. Giai phuong trinh, sau d6 déi chiéu véi dieu
kién ctia phuong trinh ban dau dé két luan nghiem.

$> Vidu 18. Giai phuong trinh 22 + 2v/2 — 22 = 2.

® Loi gidi.

> Vidu 19. Giai phuong trinh 2¢/3z — 2+ 3v/6 — 5z — 8 = 0.

® Loi gidi.
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%& Dang 8. Phuong phap lién hop

Muc dich chinh 13 khit cin thic va dat nhan ti chung, muén vay ta c6 thé nham nghiém,
thém bét (tach) hoic nhém sé hang dé nhan lien hop. Mot s6 hing ding thiic thusng dugc
st dung:

4 T—vy
2y = (e—y)a+y) VEEVY = A
-y = (x—y)(x? -2y +y?) " Ty
:> < \/Ej:\s/g = 3 2 3
g3 SE 3/.’I,‘y—|— y2
xn_yn — (:L._y)(mn—l+xn—2y+'.'+myn—2+yn—l) \4/5:&\4/@ _ r—vy
\ R DICEN

Nhan xét: mudn tim ra sé (hodc biéu thitc) dé them bét, ta c6 thé dur doan (nham nghiém) bang
cach dung chitc nang Shift Solve ctia Casio.

¢ Vidu 20. Gii phuong trinh 2z — 3 — /7 = 22 — 6.

® Loi gidi.

$® Vidu 21. Giai phuong trinh v/10z +1+ 32 — 5 = 92 + 4 + 22 — 2.

® Loi gidi.
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® Loi gidi.

0 Vidu 23. Gidi phuong trinh Va2 + 12+ 5 = 3z + Va2 + 5.

® Loi gidi.
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o Li gidi.

o Li gidi.

® Loi gidi.

> Vidu 27. Giai phuong trinh 9(z + 1)? = (32 + 7)(1 — v/3x + 4)2.
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B-BAI TAP TU LUYEN

Bai 1. Giai phuong trinh: 22 4 8z = /22 + 6.

Bdi 2. Giai phuong trinh: 22 — 10z — 12 = 44/27 + 3.

Bdi 3. Giai phuong trinh: 222 + 2 — 3 = 2¢/22 + 3.

Bdi 4. Giai phuong trinh: 42 + 1 — 22 = 2¢/22 + 1.

Bdi 5. Giai phuong trinh: 22 — z — 2 = 2y/16z + 1.

Bai 6. Giai phuong trinh: 222 — 3z 4+ 2 = 2v/3z — 2.

Bdi 7. Giai phuong trinh 3z +1 — /6 — z + 322 — 142 — 8 = 0.

Bdi 8. Ciai phuong trinh 3v/z2 + vz2 + 8 — 2 = Va2 + 15.

Bai 9. Giai phuong trinh 222 — 2 +3 — 21z — 17+ 22 —2 = 0.

Bdi 10 (TS 10 Thdi Binh 2021). Ciai phuong trinh 22 + 62 + 1 — (22 + 1)v/22 + 22 + 3 = 0.
Bai 11 (TS 10 Khénh Hoa 2021). Giai phuong trinh /22 —1—+/322 + 42+ 1= (8 —22)Vo + 1
B&i 12. Giai phuong trinh: V22 +3 = 2 + 2z — 1.

Bai 13. Giai phuong trinh (v + 2020 — v/ — 2019) - (1 + V2% + 2 — 2019 - 2020) = 4039.

B&i 14 (TS 10 Pa Nang, Chuyén Lé Qui Pdn 2020). Giai phuong trinh 323 — 22 4 22 — 28+ (23 —
N

Bai 15 (TS 10 Chuyén Dék Néng 2020). Giai phuong trinh 4v/z + 1 = 2% — 5z + 14.

Bdi 16 (TS 10 Chuyén Luong Thé Vinh Pdng Nai 2020). Giéi phuong trinh 2v/35 — 23 (z 4 v/35 — 23) =
30.

Bdi 17 (TS 10 Chuyén Hung Vuong Gia Lai 2020). Giai phuong trinh

V212 +5x+124+ V222 +3x+2=2+5

Bai 18 (TS 10 PHKHTN Hé& N&i 2020). Giai phuong trinh
V5 — 2+ 82z — 1 =244 3\/(5 — 2) (22 — 1).

Bdi 19. Gii phuong trinh 2(z — 2)v/z + 2 = —22 + 32 + 3.
Bdi 20 (TS 10 Chuyén Todn Hdi Duong). Giai phuong trinh: 522 + 3z + 6 = (7o + 1)v/22 + 3.
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Bai 21 (TS 10 Chuyén Hdi Phong 2020). Giai phuong trinh (z + 1)v/—22 + 22 + 6 = 3 + 2u.
Bdi 22 (TS 10 Chuyén Hung Yén - 2020). Giai phuong trinh

502 — 21 —3— (20 — 1)V522 +22 —1=0

Bai 23 (TS10 Chuyén Hung Vuwong Pha Tho 2021). Giai phuong trinh

2 — TP+ 1lr —4+2¢/(r —1)3 =0

Bai 24 (TS 10 Chuyén Thdi Nguyén 2021). Giai phuong trinh

V2r+34+V2r+ 1844 —-1=0

Bdi 25 (TS10 Chuyén Tin H& N&i 2021). Giai phuong trinh v4 + 22 — 22 = & — 2.
Bdi 26 (TS10 Chuyén Thdi Binh 2021). Giai phuong trinh 4v/z + 3 + 4/ = 3z + 9.
Bai 27 (Chuyén Nguyén Tréi Hai Duong 2021). Gii phuong trinh

V245 +4+vVa2—1+15=56Ve+1+3Vr+4+3Vr -1

Bdi 28 (Chuyén Qudng Nam 2021). Giai phuong trinh (z — 1)\/7 — 2z = 22 — 3z + 2.
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Bi17. CHUNG MINH BAT PANG THUC

A-KIEN THO'C CAN NHO

B pinh nghia vé bét déing thirc

Ta goi hé thiic dang a < b (hay a > b; a < b; a > b)) la bat dang thic.

E®) Tinh chét clia bét déng thirc

a) a<bsb>a.
b) a<b b<c=a<c.
c)a<beat+ce<b+e

d) a<bsa-c<b-cnéuc>0.
a<b<sa-¢c>b-cnéuc<0.

e) Cong timg vé hai bat ding thitc cling chiéu duge bat dang thiic cling chiéu.

f) Trit tiing vé clia hai bat dang thitc nguge chidu duge bat déng thitc véi cling chidu véi dang thiie
thit nhat.

g) Nhan ciing vé clia hai bat dang thitc cting chiéu ma hai vé khong am ta duge mot bat dang thiic
ciing chiéu. Dic biét:

@ a>b>0=a*>0% |a| > |b] = a® > b

® a> b= g>t > p2ntl

) 1 1
h) Néua>b>0thi—<5.
a

E®) Mot s6 hang bét déng thirc hay ding
) ) ) b )
a) Néu a va b la hai s06 cing dau thi % + o > 2 (dau “=" xay ra < a = b).

B 1 1 4
b) Néu a,b >0 thi — + - >
a b " a+b

(dau “=" xay ra < a = b).

¢) |a+b| < |a| + |b| (dau “=" x4y ra khi ab > 0).
d) |a—0b] > |a| — |b] (dAu “=" x4y ra khi @ > b > 0 hodc a < b < 0).
e) Bat ding thiic Co-si:

1 2
>
Vab ~ a+b

2
® (a~2|—b) > ab; (a+ b)* > 4ab; a® + b* > 2ab.

©

(v6ia>0; b>0).

a+b)2<a2—|—b2

®ab§(2 2
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D Phuong phép chirng minh bét déng thirc
®@ Phuong phap ding dinh nghia ctia bat dang thic:

— Mudn chiing minh a < b, ta chiing minh a — b < 0.
— Mubn chiing minh @ > b, ta chtiing minh @ — b > 0.

®@ Phuong phép bién déi tuong duong:
A<B&s A <B A <Bs...&C<D.
Néu béat dang thic cudi ding thi bat déng thitc dau ding.

®@ Phuong phap van dung tinh chét ciia bat dang thitc va van dung hing bat ding thiic quen thuoc:
Tit nhitng bat ding thic da biét ta ding cac tinh chat ctia bat ding thic dé suy ra bat dang
thitc can ching minh.

® Phuong phap phan ching:

Mubn chiing minh A < B, ta gid st A > B rdi suy ra diéu vo 1§ (mau thuan véi diéu da cho
hoac da biét), tit d6 suy ra diéu gia st la sai, dicu phai ching minh 1a ding.

B-CAC ViDU

> Vidu 1. Cho a,b,c > 0. Chitng minh réng a + b + ¢ > vVab + vbc + /ca.

® L3i gidi.
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> 1.

" ., ) . Va Vb Ve
> Vidu 2. Cho a, b, c. Chitng minh ran + +
§ *Var Vb Vb Vet a

® Loi gidi.

a

¢ Vidu 3. Cho a > 0, b > 0. Chiing minh ring
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> Vidu 4. Cho z,y > 0 théa man diéu kién z + y = 2. Chting minh réng

2 ($2 i y2) <2

® L3i gidi.

C-BAI TAP

Bai 1. Cho z > 0 chiing minh rang

> +1-1. b > 2
2 vz Ve ) Vit
Bai 2. Cho a,b,c > 0. Chitng minh ring
a 2b+ 3¢
b)(b > 8abc. b >1
a) (a+b)(b+c)(c+ a) > 8abc )2b+3c+ y—

Bai 3. Ching minh ring

?+§+§+---+%>10+5\/§.

1 1 1 1
i+vi Bavi Vse Bt mive ot
B&i 5. Choa > 1, b> 1. Chimg minh rang avb — 1 + by/a — 1 < ab.

Bai 6. Cho a, b, ¢ > 0 théa man diéu kien a > ¢, b > ¢ . Chiing minh ring

\/c(a—c) + \/c(b—c) < Vab.
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Bdi 7. Giai phuong trinh /(22 — 22 +5) (22 — 4z + 7) = 2® — 3z + 6. (1)
Bdi 8. Cho hai s6 duong a, b théa man a + 2b = 1. Chitng minh rang

1 3

— 4 —— > 14.

TR

B&i 9. Cho z, y 1a cac s6 thuc duong théa man z +y = /10. Tim gia tri ciia = va y dé biéu thic
A= (2*+1)(y* + 1) dat gid tri nhé nhat. Tim gia tri nho nhat do.

1
Ve

Bai 11. Cho a, b, c 1a céc s6 thyc duong théa man a + b+ ¢ = 1. Tim gia tri nhé nhat ciia bicu thiic

(1—0o)? (1—a)? (1-b)
V20 +c)2+bc  \2(cta)2+ca  +/2(a+b)?+ab

Bai 10. Tim gi4 tri nhoé nhéat, 16n nhat ctia biéu thic A =

Q=

Bai 12. Cho céac s6 thie duong =,y > 1.

2 2
T )
+ .
y—1 x—1

Tim gia tri nhé nhat ctia biéu thitc: P =
Bai 13. Cho ba sb thyc duong a, b, ¢ théa man abc = 1. Chitmg minh ring

(@ +0*+ ) > 9(a+b+o).

Bai 14. Cho ba s6 duong a, b, ¢ théa man abc = 1. Chiing minh ring

1 1 1
+
Va+2Vb+3  Vb+2/c+3Ve+2V/a+3

1
< -
-2

y J/ J J
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Bi18. HE THUC LUONG TRONG TAM GIAC VUONG

A-KIEN THO'C CAN NHO

1) Cho AABC vuong tai A, dudng cao AH. Giad st AB =¢, BC =a, CA=b, AH=h, BH =/,

CH =1. Khi do6 ta c6
@ a? = b? + 2 (Dinh Iy Pythagore).

@ 2 =acd ;¥ =ab.

® h2=0c.

® ah = be.
1 1

@ ﬁ:ﬁ‘i‘

1
— (Cong thitc nghich dao dudng cao).
c

B

2) Dinh nghia ti s6 lugng giac clia goc nhon «

. canh doi
sinqg = ————;
canh huyen
canh doi
tanaq = ———;
canh ke

canh ke
cosqg = ———;
canh huyen
canh ke
cotay = ————.
canh doi

canh huyen

3) Cho tam gidc ABC vuong tai A, canh huyén a va cac canh géc vuong b, c.

A
Q

B
(a) ¢ ¢

Dinh ly: Trong mot tam giac vuong, mdi canh géc vuong bang

® Canh huyén nhan véi sin goc déi hodc nhan vé6i cosin goc ke.
® Canh goc vuong kia nhan véi tang géc doi hodic nhan véi cotang goc ke.

(b) Nhu vay, trong tam giac ABC vuong tai A, ta c6 hé thic
b=a-sinB=a-cosC;b=c-tanB =c-cot(C
c=a-sinC=a-cosB;c=b-tanC =b-cot B.

4) Mot s6 he thiic lugng gidc co ban

® tana =

® cota =

® tana-cota =1

@ sina+cosla=1

sin «

COS ¢
COs «v

sin o
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B- CAC DANG TOAN

& Dang 1. Tinh d6 dai doan théng trong tam gidc vuéng

1. @ Xac dinh vi trf canh huyén.
® Ap dung he thic vé canh hodc dudng cao.
AB

2. © Dung ki thuat dai s6 héa hinh hoc: Néu ——

CD
CD =nt, véi t > 0.

® Xa4c dinh do dai canh huyén.
® Ap dung he thic vé do dai canh va dudng cao.

(m,n 1a hing s6) thi AB = mt,

> Vidu 1.
Tinh cac do dai z, y trong hinh bén.

7,9

< Vidu 2.
Tinh cac do dai x, y trong hinh bén.

D Loi gidi.

y J/ J J
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> Vidu 3.
Tinh d6 dai x trong hinh bén. A
24/15
6 T
B . C
H
® Loi gidi
< Vidu 4.
Hay tinh z,y vé6i cac kich thuée nhu hinh bén.
T Y
L 20 !
® Loi gidi.
$> Vidu 5.
Hay tinh x,y véi céc kich thuée nhu hinh ben. O
T Y
® Loi gidi.
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> Vidu 6.
Hay tinh z,y vé6i cac kich thuée nhu hinh bén.

1 4

® Loi gidi.
<> Vidu 7.
Hay tinh z,y véi cac kich thudée nhu hinh bén.

x
S—— ER - ;
® Loi gidi.
‘ ¢ Vidu 8. ‘
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Hay tinh z,y véi cac kich thuée nhu hinh bén.

® Loi gidi.

<> Vidu 9.
Hay tinh z,y vé6i cac kich thuée nhu hinh bén.

® Loi giai
<> Vi du 10.
Hay tinh z,y v6i cac kich thuée nhu hinh bén. A

2
t
B - C
I H5 _____________ i
® Loi giai
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& Vidu 11.
Hay tinh z,y vé6i cac kich thuée nhu hinh bén.

& Vidu 12,
Hay tinh x,y vé6i cac kich thuée nhu hinh bén.
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(4 . 2 £ . ~ S 4 - 2 £ . N « L
¢S Vidu 13. Mot tam gidc vuong co ti s6 hai canh géc vudng bang g Tinh ti s6 hai hinh chiéu

ctia hai canh gbc vuong do trén canh huyén.

® Loi gidi.

. a o Z 5 S 3 N . .
<> Vidu 14. Mot tam giac vuong c¢6 ti s6 hai canh géc vuong bang 7 canh huyen dai 10cm. Tinh

do dai cac hinh chiéu ctia hai canh géc vuong trén canh huyen.

 Loi gidi.

% Dang 2. Tinh ti 56 luong gidc cla cdc géc
nhon trong mét tam gidc vuéng khi biét hai canh

® Tinh do dai canh thit ba (theo dinh 1y Pytago).
® Tinh cac ti s6 lugng giac ctia mot goe nhon (theo dinh nghia).

® Suy ra cac ti s6 lugng giac ctia géc nhon con lai theo dinh 1i vé ti s6 lugng gidc cia hai goc
phu nhau.

$> Vidu 15. Tam gidac ABC vuong tai A, AB =1,5; BC = 3,5. Tinh ti s6 luong giac ctia goc C
10i suy ra cac ti sé luong gidc ctia goc B.

® Loi gidi.
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$> Vidu 16.
Tinh ti s6 lugng gidc clia goc B trong hinh bén. B
5
-
A 12 C
® Loi giai

& Vidu 17. AABC vuong tai A c6 BC = 2AB. Tinh cac ti s6 luong giac ciia goc C.

® Li gidi.

$> Vidu 18. Tam gidc ABC can tai A, c6 BC = 6, dudng cao AH = 4. Tinh cac ti s6 lugng gidc
cua goc B.
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> Vidu 19.
Tinh tan C' trong hinh bén. A
6
-
B 3 1 C
® Loi giai

> Vidu 20.
Tinh sin M + cos N trong hinh bén. O

D Li gidi.

& Dang 3. Chirng minh hé thirc luong gidc

Stt dung dinh nghia ctia cac ti s6 lugng gidc va mot s6 hé thitc lugng giac co ban da biét

> Vidu 21. Cho géc nhon . Chitng minh rang

a) sina < tan a; b) cos o < cot a.

® Ldi gidi.
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¢ Vidu 22. Véi gée nhon « tity §, chitng minh rang
sin o CoS o
a) tana = . b) cota = —.
cos « sin «
c) tana - cota = 1. d) sina + cos?a = 1.
® Loi giai

¢ Vidu 23. Véi géc nhon « tiy §, chiing minh rang
1 1

cos2a’ sin® o

a) 1+tan’a =
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¢ Vidu 24. Chiing minh cac hé thic

1 1
a) 1+tan’a = ———; b) 1+ cot’a = —;
cos? o sin“ o
® Loi giéi.
<9 Vidu 25. Chiing minh ring

1+ cosa sin «v tana + 1 1+ coto
a) — = ; b) = .
sin «v 1 —cosa tana — 1 1 —cota
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® L3i gidi.

; . 1—dsin*a-cos?
$> Vidu 27. Chitng minh rang : P @ COS2 e (sina + cos )’
(sin v — cos )

D L&i gidi.

% Dang 4. Biét mét ti s6 lwong gide clia géc
nhon, tinh cdc ti s6 lwvong gidc khéc cla géc dé

Van dung céc hé thiic co ban

. ; sin «
sina =+v1—cos?2a; cosae =V 1—sina; tana = ;

cosa’
COS & 1 1
cota = c =+v1+tan?a; —— = v/14cot?a.

sina’ cosa sin «

$> Vidu 28. Cho biét sina = 0, 6; tinh cos a, tan «, cot a.

y J/ J J
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$> Vidu 29. Cho biét cosa = g; tinh sin «;, tan «, cot a.

¢ Vidu 30. Cho biét tana =

tinh cot «, sin «a, cos a.

1
\/g)

$> Vidu 31. Cho biét cot x = 2, tinh tanz, sinz, cos .

® Loi gidi.

2 Dang 5. Chirng minh mét sé hé thirc hinh hoc

$> Vidu 32. Cho hinh thang ABCD (AB J/ CD) c6 D = 90° va AC L BD. Chitng minh ring
AD la trung binh nhan cta hai day.

 Loi gidi.
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$> Vidu 33. Cho tam giac ABC can tai A. Vé cac duong cao BE va CD. Tt B vé mot duong
thang song song v6i C'D cét tia AC tai F. Chting minh ring AC? = AE - AF.

o Li gidi.

$® Vidu 34. Cho tam giac ABC vuong tai A, duong cao AH. Goi D va E lan lugt 14 hinh chiéu
ciia H trén AB va AC. Chiing minh réng DE? = BD - CE - BC.

o Li gidi.

> Vidu 35. Cho tam giac ABC can tai A, hai dudng cao AD va BE. Cho biét BE = 2k;

BC = 2m; AD = n. Chiing minh ring % = Lz + %
m?  n
® Loi gidi
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$> Vidu 36. Cho tam giac ABC vuong tai A (AB < AC), dudng cao AH. Lay diém M trén

doan théng HC sao cho HM = AH. Qua M vé mot duong thang vuong géc véi BC, cat AC tai
! 1 1
D. Ching minh rang T = ADe + a0z

® Loi gidi.

> Vidu 37. Cho AABC vuong tai A, duong cao AH. Goi M, N lan lugt 13 hinh chiéu vuong
goc ciia H trén AB va AC. Chitng minh ring:

a) AM - AB = AN - AC: b) HB-HC = MA-MB + NA- NC;
)@_(A_B)z
“ mc - \ac/) -

@ Loi gidi.
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$> Vidu 38. Cho hinh vuong ABCD. Goi I 1a mot diém niam gita A va B. Tia DI cét tia CD
6 K. Ké Dx 1 DI cit tia BC' 6 L.

a) Tam giac DIL 14 mot tam gidc can.

,, 1 0
b) Tong P -+ khong doi khi I di dong trén canh AB.

DK?

D Loi gidi.

C-BAI TAP CUNG cO

Bai 1.
Tinh do dai z, y trong hinh bén. A
3 3v3
)
B a C
I H |
x
Bai 2.
Tinh dién tich tam giac ABC' trong hinh bén. A
12
16
B 1 C
H
Bai 3.
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Tinh d6 dai AH trong hinh bén. A
?
2,7
B 1
i | C
7,5
Bai 4.
Tinh do dai HC' trong hinh bén. A
?
2,7
B ul
I H | C
7,5
Bai 5.
Tinh tich HA- HB - HC trong hinh bén. A
34
16
B ]
i C

Bdi 6. Cho tam gidc ABC can tai A c6 AH, BK 1a 2 dudng cao. Chiitng minh rang

1 1 1

%) Br2 = BO® T 1AHE

b) BC? = 20K - CA.

Bdi 7. Cho tam gidc ABC vuong can tai A va mot diém M thudc canh huyén BC. Chiing minh ring

MB?+ MC? = 2M A%

Bai 8. Cho tam giac ABC can tai A (ﬁ < 90"),ké BM 1 CA. Chiing minh ring

AM
MC

d

AB>2_1
AC ‘

Bai 9. Cho tam giac ABC vuong tai A v6i dusng cao AH. Trén nita mit phang bs BC' ¢6 chita diem

DB AB

A lay diém D sao cho — = ——. Chitng minh réng BD, DH, HA la do dai ba canh ctia mot tam

DC 2

giac vuong.

Badi 10. Hinh thang ABC'D (AB /| CD) c6 AD = 5cm; AC = 12cm va C'D = 13cm. Biét dién tich

hinh thang 1a 45cm?.

a) Tinh chiéu cao clia hinh thang.

N 1
b) Ching minh rang AB = §CD'
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Bai 11. Cho tam giac ABC vuong tai A, duong cao AH. Ve HD | AB, HE | AC (D € AB, E €

7. BD AB®
AC). Ching minh rang OF = AcE
Bai 12. Cho hinh chit nhat ABCD. Qua A ké dudng vuong goc v6i BD tai H. Biét AB = 20,
AH = 12. Tinh chu vi hinh chu nhat ABCD.

Bai 13. Trong mot tam giac vuong ti s6 gitta dudng cao va trung tuyén xuat phat tit dinh géc vuong
bang 40 : 41. Tim ti s6 do dai cdc canh goc vuong clia tam gidc vuong do.

Bai 14. Cho tam giac ABC vuong tai A. Biét sin B = 0, 8. Hay tinh ti s6 luong giac ciia goc C.
. . _ Z 5

Bai 15. Cho tam gidc ABC vuong tai A, AB =6 cm, B = «. Biét tana = Ik Hay tinh
a) Do dai canh AC.
b) Do dai canh BC.

Bai 16. Hay tinh sin a, cos a (lam tron dén s6 thap phan tht tu) néu biét

1
a) tana:§. b) cota:Z.
. . . 3
Bai 17. Tinh cos a, tan o biét sina = 5
S . . . 2 1
Bai 18. Tinh sin o, tan o biét cosa = T

Bai 19. Tinh sin «, cos o biét tana = 0, 8.
Bai 20. Tinh sin «, cos o biét cot o = 3.

Bai 21. Cho tam giac ABC c6 ba géc nhon, hai duong cao BK va C'L cat nhau tai H. Trén doan
HB lay diém E sao cho AEC = 90°. Trén doan HC' lay diém F sao cho AFB = 90°. Chiing minh
rang:

a) AK - AC = AL - AB.
b) AAEF can.

Bai 22. Cho AABC can tai A c6 AH, BK 1a 2 duong cao. Chiing minh réng:
1 1 1

) BRZ ~ BC? T 1AM
b) BC? = 2CK - CA.

Bai 23. Cho AABC vuong tai A. Goi I 1a trung diém AB, ké IH vuong géc v6i BC tai H. Chiing

minh rang:
) 1 1 N 1
a = .
41H? AC?  AB?

b) AC? + BH? = CH?.

Bdi 24. Cho hinh vuong ABC'D va diéem M thudc canh BC (M khac B, C). Goi N la giao diém ctia

. N 1 1 1
hai duong thang AM va DC'. Ching minh rang 15 = A + v

Bai 25. Cho AABC vuoéng can tai A vA mot diém M thuoc canh huyéen BC. Chting minh ring
MB? + MC? = 2M A2
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Bai 26. Cho AABC vuong tai A, duong cao AH. Goi E, F 1a hinh chiéu ctia H léen AB, AC. Chiing

minh rang:

AB?> HB
2 2 2 2 —
a) BC? = 3AH? + BE? + CF?. b) S5 = e
AB® BE ,
e) AH? = BC -BE - CF. f) v BE2 + vCF? = v/ BC?2.

Bdi 27. Cho AABC vuéng tai A, duong cao AH, AB = a, AC = b, K 1a hinh chiéu ctia H lén AB.

. HB 2
a) Chiing minh rang o = Z—Q.
b) Chitng minh ring HK Gl
ng minh ran = —.
8 & a? + b?

¢) Gia st % - Z va AH = 12. Tinh AB, AC, BC, HB.

Bai 28. Cho hinh chit nhat ABCD c¢6 AB = a, AD = b. Goi H la hinh chiéu ctia A léen BD va K,
L 1an lugt 1a hinh chiéu cia H len BC, CD.

N HB 2
a) Ching minh rang D= Z—z.
. a’
b) Chu inh rang HK = ——.
) Chtng minh rang e
. a* — a?b?® + v*
Chu inh rang HC? = —————
c) ng minh rang e

d) Cho a = /2, b =1 va goi M la giao diém ctia CH va AD. Tinh HM.
Bdi 29. Cho AABC vuong tai A, duong cao AH. Lay diém D trén AC va diém F la diém nam trén

) AD HE 1
tia doi ctia tia HA sao cho 1C " HA - 3 Tu D ké DF song song v6i BC(F thuoc AC). Chiing
minh rang
a) AH = EF.
b) BE L ED.

Bai 30. Khong diing bang s6 va may tinh, hay tinh:
a) sin? 10° + sin?20° + - - - + sin® 80°.
b) cos?12° + cos? 78° + cos? 1° + cos? 89°.
Bdi 31. Chitng minh ring biéu thiic sau khong phu thuoc o
a) A= (sina+ cosa)? + (sina — cos a)?;
b) B = sin®a + cos® a + 3sin® acos? a.

Bai 32. Cho tam gidc ABC nhon, dudng cao AH. Biét AH =8 cm, HC = 6 cm, HB = 4 cm. Goi
E va F lan lugt 1a hinh chiéu vuong goc ctia diém H len AC, AB.

a) Tinh do dai cac canh HE, HF.
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b) Tinh céc canh cta tam giac AEF.
. 3
c) Ké duong cao CK cia tam giac ABC (K € AB). Ching minh rang FK = 1—OAB.

Bai 33. Cho tam giac ABC vuong tai A c6 duong cao AH, AC =8 cm, AH = 4,8 cm.

a) Tinh do dai cia BC va HB.
Cac cau sau khong dung sb lieu d6 dai doan thing cta dé bai:

b) Goi M la trung diém ctia AC. K& HK vuong goc véi AC tai K. Chitng minh: KA-KC+KM? =
1
—AC?.
1 C

¢) Goi I 1a hinh chiéu ctia H tréen AB, R, S tht ty 1a hinh chiéu ctia I, K trén BC'. Chitng minh:
IR+ KS=AH.

d) Goi Q la trung diém ctia BC. Chitng minh: AQ vuéng géc véi TK.
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Bi19. CHUNG MINH CAC HE THU'C HINH HOC

A-KIEN THO'C CAN NHO

D Chirng minh 1c‘3ng (hodc hiéu) hai doan théng bang mét doan thdng thir ba
Ban c¢6 thé

@ Chia doan thang 16n nhat thanh hai phan, sao cho mot phan bang doan thang thit nhat va chitng
minh phan con lai bing doan théng thi hai.

® Dung tong ciia hai doan théng cho trudc rdi ching minh téng nay bing doan thang thit ba.

E®) cChirng minh tdng (hodc hiéu) hai géc béng géc thir ba

® Ta c6 thé lam tuong tu nhu chiing minh tong (hoac hiéu) hai doan théng bing doan thang thi
ba.

® Dung dinh 1i vé géc ndi tiép. Géc noi tiép (nhd hon hodc bang 90°) c¢6 s6 do bing nita s6 do ciia
géc & tam cliing chan mot cung.
B Ch&rng minh hai hé thirc hinh hoc phdng

® Dung dinh 1 Ta-1ét: Néu mot dudng thang song song véi mot canh ciia tam giac va cit hai canh
con lai thi tao ra nhitng cap doan théng tuong tng ti lé.

® Hai tam gidc dong dang thi cic cap canh tuong iing ti 16, cac cap goc tuong ting bing nhau.
® Dung hé thtic lugng trong tam giac vuong.

® Dimg tinh chat: Duong tron (O) va mot diém M cb dinh khong ndm trén dusng tron. Qua M
ké hai dudng thang. Duong thang thi nhat cat (O) tai A va B. Duong thang thit hai cat (O)
tai C' va D.

Taco MA-MB = MC-MD.

@ Diuing tinh chéat: Néu tit mot diém M & ngoai dudng tron, vé tiép tuyén MT va cat tuyén M AB
thi MT? = MA- MB.

B-MOT $O Vi DU

$> Vidu 1. Cho tam gidc déu ABC noi tiép duong tron (O). Lay diém M bat ki trén cung nho
BC'. Chitng minh rang M B + MC = MA.

® Li gidi.
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$> Vidu 2. Cho tam giac ABC c¢6 ba géc nhon, tric tam H. Ngudi ta dyng hinh binh hanh
BHCD va goi I 1a giao diém hai duong chéo cia hinh binh hanh dé.

a) Chiing minh t gidc ABDC' 1a t1 gidc noi tiép.
b) So sanh goc BAH va OAC (O 1a tam dudng tron ngoai tiép tam giac ABC).
c¢) Goi G la giao diém ctia AI vi OH. Chitng minh ring G la trong tam clia tam gidc ABC.

d) Tim diéu kién rang buoc gitta cac géc B va C dé OH song song véi BC.

® Li gidi.
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$® Vidu 3. Cho dudng tron tam O ban kinh R va mot diém A & ngoai dudng tron. Tt mot diem
M chuyén dong trén dudng thang d vuong géc véi OA tai A, vé cac tiép tuyén M1, M.J véi dusng
tron (I, J 1a cdc tiép diém). Day IJ cdt OM tai N va cit OA tai B.

a) Ching minh OA-OB = OM -ON = R%.

b) Goi C' la tam dudng tron noi tiép tam giac MIJ. Ching minh C' thudc nita dudng tron cd
dinh.

c¢) Cho géc MIJ bang a. Chitng minh dién tich ti giac MTOJ bang R? - tan «.

® Loi gidi.
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¢ Vidu 4. Cho tam giac ABC nhon noi tiép duong tron (O; R) c6 cac dudng cao AD, BE, CF
cat nhau tai H. Chiing minh réng

a) BH -BE + CE - CA = BC™.
b) AH? + BC? = BH? + AC? = CH? + AB.

¢) Dudng tron ngoai tiép cac tam giac ABH, ACH, BCH c6 ban kinh bang nhau.
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C-BAI TAP VAN DUNG

Bai 1. Cho tam gidc ABC c6 ba géc déu nhon, AB < AC, nai tiép trong duong tron tam O, ké
duong cao AH. Goi M, N lan lugt 1a hinh chiéu vuong goc cia H trén AB va AC. Ké NE vuong
géc véi AH. Duong vuong goc véi AC ké tit C cat dudng tron tai I va cat tia AH tai D. Tia AH cit
duong tron tai F.

a) Chiing minh ABC + ACB = BIC.

b) Chiing minh AM - AB = AN - AC.

¢) Chiing minh AME = ADB.

Bdi 2. Cho tam gidc déu ABC c6 dudng cao AH. Trén canh BC lay diém M tuy y (M khong
trung véi B, C, H). Goi P, @ lan lugt 1a hinh chiéu vuong goc ctia M léen AB va AC. Chiing minh
MP+ M@ = AH.

B&i 3. Cho tam gide ABC ¢6 ba géc nhon va A = 45°. Goi D, F lan lugt 1a céc hinh chiéu vuong
goc ctia B, C len AC, AB; H la giao diém ctia BD va CE.

a) Ching minh DE - AB = BC - AD.
b) Ching minh HE+ HD = BE + CD.

Bdi 4. Cho hinh binh hanh ABCD véi goc BAD < 90°. Tia phan gidc géc BOD cit duong tron
ngoai tiép tam giac BC'D tai O (khac ). Ké dusng thang (d) di qua A va vuong géc véi CO. Dudng
thang (d) cit cac dudng thang OB, CD lan lugt tai M, N.
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a) Chiing minh rang OBM = ODC.

b) Ching minh AOBM = AODC.

c¢) Goi K la giao diem ctia OC va BD; I 1a tam dudng tron ngoai tiép tam giac BC'D. Chitng minh
ND  IB?—IK?

MB KD?

Bai 5. Cho tam giac ABC' c6 ba goc nhon, AB < AC, noi tiép duong tron (O; R). Vé duong kinh

AD ctia dudng tron (O), dudng cao AH cta tam giac ABC' (H thudc BC') va BE vuong goc véi AD
(B thuoc AD).

rang

a) Ching minh AH - DC = AC - BH.
b) Goi I la trung diem BC'. Ching minh ring IH = IE.

Bdi 6. Cho AABC noi tiép duong tron tam O duong kinh BC. Ké AH 1 BC (H thuoc BC), goi
M, N lan lugt 1a hinh chiéu vuong goéc cia H trén AB, AC.

a) Chiing minh AC? = CH - CB.
b) AC-BM + AB-CN = AH - BC.

Bai 7. Cho AABC vuong tai A, phan gidc BE, E thuoc doan C'A. Gia stt dudng tron ngoai tiép tam
gidc BCE cat AB tai F khac B.

a) Ching minh BC = AB + AF.
b) Goi K la hinh chiéu ctia A len BC'. Trén AB lay L sao cho BL = BK. Chiing minh

AL _ [BE
AF  V BC’

Bdi 8. Cho duong tron (w) c6 tam O va mot diém A ndm ngoai dudng tron (w). Qua A ké hai tiép
tuyén AK, AL t6i (w) véi K, L 1a céac tiép diém. Dung tiép tuyén (d) ctia dudng tron (w) tai diém
E thudc cung nhé KL. Duong thang (d) cit cac duong thang AL, AK tuong ting tai M, N. Duong
thang KL cit OM tai P va cit ON tai Q.

a) Ching minh AOL = AKL.

— KAL
b) Chiing minh MON = 90° — —

¢) Ching minh KQ - PL=FEM - EN.

Bai 9. Cho dusng tron tam O va day cung AB. Tit mot diém M bat ky tren duong tron (M khac A
va B), ké MH 1 AB tai H. Goi E, F lan lugt 1a hinh chiéu vuong goc ctia H tréen M A, M B. Qua M
MA?  AH AD
MB?  BD BH'

ké duong thang vuong géc véi EF, cat day cung AB tai D. Chitng minh rang:

y J/ J J
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Bi1 10. TU GIAC NOI TIEP VA PIEM NAM TREN MOT
DUGNG TRON

A-KIEN THO'C CAN NHO

<> Pinh nghia 10.1. T4 gidc noi tiép 1a t1t gidc c6 bon dinh ndm
tren duong tron dé. Trong hinh 1, ti giac ABC'D noi tiép duong
tron (O) va duong tron (O) goi 1a ngoai tiép tit giac.

$> Dinh 1i 10.1. T gidc noi tiép duong tron khi va chi khi tong
s6 do ctia hai géc do6i bang 180°.

) ching minh ti gide nai tiép
® Tt giac ¢6 bon dinh nam trén mot dudng tron goi 1a tit gidc noi tiép.
@ Tt giac ¢6 bén dinh cach déu mot diém 1a i gidc noi tiép.
@ Tt giac 6 tong s6 do hai goc dbi dien bang 180° 1a tit giac noi tiép.
® T giac c6 hai dinh ké nhau cuing nhin canh chiia hai dinh con lai duéi mot goc bang nhau 1a
t1t gidc noi tiép.
E®) Ching minh nhidu diém ciing ném frén mét dudng tron
® St dung cac tam giac vuong c6 canh huyen chung.
® Chitng minh cac dinh ctia mot da giac ciing nam trén mot dudng tron.
® Sit dung cung chita goc.

®@ Chiing minh céc tit gidc noi tiép.

B-CAC DANG TOAN

s Dang 1. Tdng hai géc déi bang 180°

$> Vidu 1. Cho tam gidc ABC noi tiép duong tron (O). Goi M la diém chinh gitta cung nhé BC
va N la mot diém thude cung nhé AB. AM, MN cit BC lan lugt tai D, E. Chting minh ring tit
giac ADEN noi tiép.

® Loi gidi.
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> Vidu 2. Trén dudng tron (O) ¢6 mot cung AB, S 1a diém chinh giita ctia cung d6. Trén day
AB lay hai diém E, H. Cac duong thing SE,SH cit duong tron theo thit tu tai C, D. Chiing
minh ring:

a) SHA = SCD.

b) Tt giac EHDC noi tiép.

® Loi gidi.

$> Vidu 3. Cho duong tron tam O. Tit diem A & bén ngoai dudng tron (O) vé hai tiép tuyén AB
va AC vé6i duong tron (B, C la hai tiép diém). Tren BC lay diem M, vé dudng thang vuoéng goc
v6i OM tai M, cat AB va AC lan ludt tai E va D. Chitng minh cac ti giac EBMO va DCOM
noi tiép duge trong duong tron. Xac dinh tam cac duong tron do.

® Li gidi.
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$> Vidu 4. Cho duong tron (O) va day AB. Goi P la diém chinh giita AB. Tren day AB lay hai
diém E, F. Cac duong thang PE, PF cit dudong tron tai C, D. Chiing minh t@ giac EFDC noi
tiép.

> Vidu 5. Cho tam giac ABC vuong tai A. Dudng tron duong kinh AB cit canh BC tai M.
Trén cung nhé AM lay diem E ( E khac A; M). Kéo dai BE cat AC tai F.

a) Chitng minh BEM = ACB , tit d6 suy ra tit gidc MEFC 1a tit gidc noi tiép.

b) Goi K la giao diém ctia M E va AC. Chiing minh AK? = KE.KM.

® Loi gidi.
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$> Vidu 6. Cho duong tron tam O duong kinh AB = 2R. CD la duong kinh di dong. Goi d 1a
tiép tuyén tai B ctia duong tron (O), cac dudng thing AC, AD cit d lan lugt tai P va Q. Chiing
minh ti gidc CPQD nai tiép duge dudng tron.

® Loi gidi.

$> Vidu 7. Cho hinh thang can ABCD (AB > CD, AB [/ CD) nai tiép trong duong tron (O).
Ké cac tiép tuyén v6i dudng tron (O) tai A va D ching cat nhau & E. Goi M la giao diém ctia hai
duong chéo AC va BD. Chiing minh tit gidc AEDM noi tiép duge trong mot duong tron.

® L3i gidi.

& Dang 2. S& dung tinh chat cung chira géc
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$> Vidu 8. Cho AABC noi tiép duong tron (O). Mot day DE song song v6i BC cat AC' 6 F.
Tiép tuyén tai B cait DE & I. Chiing minh tit giac AIBF noi tiép.

® Loi gidi.

> Vidu 9. Cho AABC ¢6 goc B, goc C nhon. AH 1a dudng cao, AM 1a duong trung tuyén, biét
ring BAH = MAC. Goi E la trung diém AB.

a) Ching minh Tt giac AEH M noi tiép.

b) Ching minh BAC = 90°.

o Li gidi.

> Vidu 10. Cho tam gidc ABC, goi D va E theo thit tiy 1a cac tiép diém ciia dudng tron tam
(O) noi tiép tam gidc véi cac canh AB vi AC, H la giao diém ctia duong thang BO va duong
théang DE.

a) Chitng minh ring bén diéem O, E, H, C cing nam trén mot dugng tron.

b) Ching minh dudng phan gidc trong clia goc ABC , duong trung binh cta tam giac ABC
song song véi canh AB va dudng thing DE dong quy.

D Ldi gidi.
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$> Vidu 11. Cho tit gidc ABC'D noi tiép duong tron c6 AC vuong goc véi BD tai H. Goi M, N
la chan duong vuong goéc ha tit H xudng dudng thing AB va BC, P va @ la giao diém ctia M H
va NH véi cac duong thing CD va DA.

a) Ching minh PQ /| AC.

b) Chiing minh tit gidc M N PQ noi tiép.

® Loi gidi.
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2 Dang 3. Chirng minh t& gidc ndi tiép st dung tinh chat cGia tam gidec déng dang

® St dung kién thtc clia tam gidc dong dang ta thay: Néu hai cat tuyén AB va C'D clia mot
duong tron cit nhau tai M thi MA- NB = MC - MD .

c C

@ D4o lai, ta ciing chitng minh dugc: Néu hai dudng thang BA va CD cét nhau tai diem M
sao cho MA-NB = MC - MD thi bon diem A, B, C, D ciing nam trén mot duong tron. Day
ciing 13 mot cach nhan biét mot ti gidc noi tiép.

$> Vidu 12. Cho hai doan théng AC va BD cét nhau tai E, biét EA- EC = EB - ED. Chiing
minh ring 4 diém A, B, C, D ciing thuoc mot duong tron.

® Loi gidi.

$> Vidu 13. Cho hinh thang vuong ABC’D(A\ =D= 90°). Goi E la trung diém ctia AD. Ké AH
vuong goc véi BE, DI vuong géc véi CE, K 1a giao diém ciia AH va DI.

a) Ching minh rang tii giac BHIC ndi tiép.

b) Chiing minh rang EK 1 BC.
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& Dang 4. Chitng minh nhiéu diém n&m frén mét dudng tron

$> Vidu 14. (TS 10 Ha Noi 2017)Cho duong tron (O) ngoai tiép tam giac nhon ABC. Goi
M va N lan lugt 1 diém chinh giita ctia cung nhé AB va cung nhé BC. Hai day AN va CM cat
nhau tai diém I. Day MN cit cac canh AB va BC' lan lugt tai cac diém H va K.

a) Chiing minh céac diém C, N, K, I ciing thudc mot dudng tron.

b) Ching minh NB*> = NK.MN.

® Loi gidi.
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$> Vidu 15. (KSCL THCS Da Tri Tué 2020)Cho AABC c6 ba goc nhon nai tiép dusng tron
(0). Céac duong cao AD, BE, C'F cat nhau tai H.

a) Chiing minh tit gidc DC'EH noi tiép va AD - AE = AH - AC.

b) Tia AD va BE duong tron (O) lan lugt tai M va N. Ching minh H va M dbi xing nhau qua
BC va ACMN can.

¢) Goi K la trung diém ctia BC. Chiing minh 4 diém D, E, F, K, I cing thuoc mot dudng tron.

® Loi gidi.
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$> Vidu 16. Cho duong tron tam O duong kinh AD. Ké hai day cung AC va BD cit nhau tai
diém E nim trong dudng tron. Goi H 1 hinh chiéu vuong géc ciia E xuéng AD va I la trung
diém ctia DE. Chitng minh rang:

a) Cac ti gisc ABEH, DCEH noi tiép.
b) E la tam dudng tron noi tiép tam gidc BCH.

¢) Nam diém B, C, I, O, H cing nam trén mot dudng tron.

® Loi gidi.
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$> Vidu 17. Cho hinh chit nhat ABCD, I la trung diém ctia CD, E thuoc canh AB. Qua I ké
IM vuong goc véi DE, cat AD tai H. Qua I ké IN vuong goc véi COF, cat BC tai K. Goi G 1a
giao diém ctia EI va HK.

a) Ching minh rang bon diém H, M, N, K cing nim trén mot dudng tron.
b) Chitng minh ring nam diém E, G, N, K, B ciing thuoc mot duong tron.

¢) Chiing minh ring nam diem £, G, M, H, A cing thudoc mot dudng tron.

® Loi gidi.
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$> Vidu 18. Cho tam gidc nhon ABC vé6i dudng cao AD. Goi M 1a diém d6i xting ctia D qua
AB, N la diém déi xiing ctia D qua AC, E va F theo thit ty 1 giao diém ciia MN v6i AB va
AC'. Chiing minh ring nam diém A, E, D, C, N cing thuoc mot duong tron.

D Loi gidi.

& Dang 5. Mot sb bai todn tdng hop

$> Vidu 19. (KSCL THCS Herman 2020)Cho duong tron (O, R) va diém A c¢6 dinh nam
ngoai dudng tron. Qua A ké hai tiép tuyén AN, AM t6i duong tron (M, N la cac tiép diém). Mot
duong thang (d) qua A cit dusng tron (O, R) tai B va C' (AB < AC). Goi [ la trung diém ctia
BC. Dudng thang qua B song song v6i AM cat MN tai E.

a) Ching minh 5 diém A, M, O, I, N thuoc mot dudng tron.
b) Chiing minh AB - AC' = AM?.

¢) Ching minh IE /| MC.
)

d) Chitng minh ring khi duong thang (d) quay quanh diém A thi trong tam G ctia tam giac M BC
thuoc mot duong tron c¢6 dinh.

® Loi gidi.
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$> Vidu 20. Cho dusng tron (O; R) va diém M nim ngoai (O). Ké hai tiép tuyén M A va M B
v6i duong tron (O) (A, B 1a tiép diém). Mot duong thang d di qua M cit (O) 6 C va D (C nim
gitta M va D, d va M B nam khéac phia d6i véi MO), AB giao v6i MO ¢ H.

a) Chiing minh réng t gidc M AOB noi tiép.
b) Chiing minh rang MC - MD = MH - MO.

180/223 '




Trén dudng thanh cong, khong cé déu chan clia ké ludi biéng

y 4/ J J

¢) Chitng minh rang CHD = 2CBD.

d) Tu C va D ké hai tiép tuyén véi (O) ching ciat nhau tai S. Ching minh ring S thugc duong
thang c6 dinh khi d quay quanh M.
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> Vidu 21. Cho AABC (AB < AC) ¢6 ba géc nhon noi tiép duong tron (O; R). V& dudng cao
BE, CF cat nhau tai H. Cac dudng thing BE va C'F lan lugt cit (O) tai P va Q (P khac B va
Q khac C). Tiép tuyén tai B va C cat EF lan lugt tai N va M.

a) Chiing minh bén diém B, F, E, C thuoc mot dudng tron;

b) Dudng thang MP cit (O) tai diém thit hai 13 K. Chiing minh AMEC can va ME? =
MK - MP:

¢) Ching minh FEK = FAK va N, K, @ thang hang.

o Li gidi.
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C-BAI TAP TU LUAN CUNG cO

Bai 1. (TS 10 Ha Ngi 2018)Cho duong tron (O; R) véi day cung AB khong di qua tam. Lay S 1a
mot diem bat ki trén tia ddi ciia tia AB (S khac A). Tt diém S vé hai tiép tuyén SC, SD véi duong
tron (O; R) sao cho diém C nam trén cung nhé AB (C, D la cac tiép diém). Goi H 1 trung diém ctia
doan thing AB.

1) Ching minh ring nam diéem C, D, H, O, S thuoc dudng tron duong kinh SO.
2) Khi SO = 2R, hay tinh do dai doan thang SD theo R va tinh s6 do CSD.

3) Duong thang di qua diém A va song song véi duong thang SC, cat dudng thang CD tai K.
Chiing minh rang tit giac ADHK noi tiép va duong thang BK di qua trung diém ctia doan
théng SC.

4) Goi E la trung diém ctia doan thang BD va F la hinh chiéu vuéng géc clia diem E trén duong
thing AD. Chiing minh ring khi diém S thay ddi trén tia d6i clia tia AB thi diém F ludn thudc
mot duong tron c6 dinh.

B&i 2. (TS 10 Ha Noi 2016)Cho dusng tron (O) va mot diém A nim ngoai duong tron. Ké tiép
tuyén AB véi duong tron (O) (B la tiép diém) va dudng kinh BC. Trén doan thang CO lay diém [
(I khac C, I khac O). Duong thang ATl cit (O) tai hai diém D va E (D nam giita A va E). Goi H 13
trung diém ctia doan thing DE.

a) Chitng minh bén diém A, B, O, H cing nim trén mot dudng tron.

. .. AB BD
b) Chiing minh 1E = BE

c¢) Dudng thing d di qua diém E song song véi AO, d cat BC tai diém K. Ching minh HK /| DC.

d) Tia OD cat AO tai diém P, tia EO cat BP tai diém F. Chiing minh tit gidc BECF 1a hinh
chi nhat.
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Bai 3. (TS 10 Gia Lai 2016)Cho dudng tron (O) va diém A ¢6 dinh ndm ngoai duong tron. Tt A
vé hai tiép tuyén AM va AN véi dudng tron (M, N la céc tiép diém); B 1a diém thay ddi trén cung
nhé MN (B khéac M va N; tia AB khong di qua O). Goi C la giao diém tht hai ctia tia AB véi (O)
(C khac B), D la trung diem ctia BC, K la giao diém ctia BC va MN.

a) Chting minh tit gidc AM DN noi tiép mot dudng tron.
b) Ching minh KA. KD = KB.KC.

c¢) Khi diém B di dong trén cung nhé MN. Chitng minh ring dudng tron ngoai tiép tam gidc
MK D luén tiép xtc véi mot dudng thing ¢ dinh.

Bdi 4. (TS 10 TP HCM 2016)Cho tam giac ABC (AB < AC) c¢6 ba géc nhon. Dudng tron tam
O dudng kinh BC' cit cac doan AC, AB lan lugt tai D, E. Goi H la giao diém ctia BD va CE, F la
giao diém ctia AH va BC.

a) Ching minh: AF 1 BC va AFD = ACE.

b) Goi M la trung diém ctia AH. Chitng minh MD 1 OD va 5 diem M, D, O, F, E cung thuoc
mot duong tron.

c¢) Goi K la giao diém ctia AH va DE. Chitng minh MD? = MK.MF va K la tryc tam clia tam
giac M BC.
2 _ 1 1
FK FH FA
Bdi 5. (HK2 Thanh Xuan HN 2017)Cho dudng tron (O, R) va day BC c¢6 dinh, BC = RV/3. A
la diém di dong trén cung l6n BC (A khac B, C) sao cho tam gidc ABC nhon. Cac duong cao BD

va O'F ctia tam giac ABC cit nhau tai diem H. Ké dudng kinh AF ctia dudng tron (O), AF cit BC
tai diém N.

d) Chitng minh:

a) Chitng minh t giac BEDC nai tiép.

Ching minh t@ giac BHCF' la hinh binh hanh.

)
b) Chiing minh: AE - AB = AD - AC.
c)

)

d) Dudng tron ngoai tiép tam gidc ADFE cat duong tron (O) tai diém thit hai K (K khac A). Chiing
minh ba diém K, H, F thing hang.

Bdi 6. (HK2 Quan Binh Thanh 2017)Cho tam giac ABC nhon (AB < AC) noi tiép dudng tron
(0), cac duong cao BE, C'F cét nhau tai H.

a) Chting minh tit gidc AEHF va BCEF noi tiép.

b) Hai dudng thang EF va BC cit nhau tai I. Vé tiép tuyén ID véi dudng tron (O) (D la tiép
diém, D thuoc cung nhé BC). Chiing minh ID? = IB - IC.

¢) DE va DF ct (O) tai M, N. Chtng minh NM // EF.

Bdi 7. Cho duong tron (O; R) va mot diém A c¢d dinh nam ngoai dudng tron sao cho OA = 2R. Tt
A ké hai tiép tuyén AB, AC véi duong tron (O) (B, C la hai tiép diém). Mot dudng thang (d) thay
ddi di qua A luon ciat dudng tron tai hai diém D va E (D thuoc cung nhé BC va cung BD 16n hon
cung CD), Goi I 1a trung diém ctia DE, H 1a giao diém ctia AO va BC.

a) Chitng minh nam diém A, B, C, O, I cing thudc mot dudng tron.

y J/ J J
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b) Chiing minh AH.AO = AD.AE = 3R~
¢) Chitng minh HC 1a tia phan gidc ctia DHE.

d) Goi G la trong tam ABDE. Chitng minh khi dudng thang (d) thay ddi thi G' luon chay trén
mot duong tron ¢d dinh.
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Bar11. BAI TOAN LIEN QUAN DEN DUONG - DIEM CO
DINH

A-KIEN THU'C CAN NHO

@ Trude hét cac dinh ba loai yéu tb: ¢é dinh, khong doi va thay doi. Phan doan diém c6 dinh.

® Dé dy doan diém cb dinh, ta vé hai vi tri cia duong thang (thudng chon vi trf dic biét) va tim
giao diém S ciia ching.

@ Duya vao gia thiét dé tim mdi quan hé gitta diém c6 dinh (du doan) va cac yéu t6 khac clia dé
bai.

® Trinh bay 1oi giai, ching t6 S 1a diém c6 dinh (1 giao diém ctia hai dudng thang c6 dinh hoic
nam trén mot tia cd dinh va cach gbc mot khoéang khong doi...)

B-MOT $O Vi DU

$> Vidu 1. Cho dudng tron (O; R) c6 day BC < 2R c6 dinh. Goi S la diém di dong trén cung
16n BC. Ké BE va CF la dudng cao cia AABC cat nhau tai H. Chiing minh rang khi A di dong
thi duong thang qua A v vuong goc véi EF luon di qua mot diém cd dinh.

® Loi gidi.
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$> Vidu 2. Cho duong tron (O; R) va mot dudng thang d ndm ngoai dudng tron. I 13 mot diém
di dong trén d. Dudng tron dusng kinh 70O cat duong tron (O; R) tai hai diém M, N. Chitng minh
duong thang M N luon di qua mot diém co dinh.

® Loi gidi.

$> Vidu 3. Cho ba diém c6 dinh 4, B, C thing hang theo thit ty d6. Mot dudng tron (O) thay
doi nhung luon di qua B va C. Tit diém A ké cac tiép tuyén AM, AN dén dudng tron. Duong
thang MN cat AO va AC tai H va K.

a) Ching minh M, N di dong trén mot duong tron ¢ dinh.
b) Goi I 1a trung diém ctia BC. NI cit duong tron (O) tai P. Chitng minh M P /| BC.

¢) Chiing minh dudng tron ngoai tiép tam gidc OHK luon di qua hai diém c6 dinh.

® Loi gidi.
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$> Vidu 4. Cho tam gidc ABC vuong tai C va BC < CA. Goi I 1a diém tréen AB va IB < IA.
Ké duong thing d di qua I va vuong goc véi AB. Goi giao diém ciia d véi AC, BC lan lugt tai E
va F. Goi M la diém déi xing véi B qua 1.

a) Ching minh AITME dong dang véi AIFAva IE-IF =TA-IB.
b) Dudng tron ngoai tiép tam giac CEF cit AE tai N. Chiing minh ring F, N, B thang hang.

¢) Cho AB c¢b dinh, C thay ddi sao cho BCOA = 90°. Chitng minh rang dudng tron ngoai tiép
AAEF luon di qua hai diém ¢6 dinh va tam dudng tron nay nim tren dudng théng c6 dinh.

® Li gidi.
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C-BAITAP

Bdi 1. Cho AABC vuong can tai A. Duong tron duong kinh AB cat BC tai D (D khac B). Lay
diém M bat ky tren AD. k& M H, M lan lugt vuong goc v6i AB, AC (H € AB, I € AC).

1) Chitng minh: T giac M DCT ndi tiép.
2) Ching minh: MID = MBC.

3) K6 HK 1 ID (K € ID). Ching minh: K, M, B thang hang va dudng thang H K luon di qua mot
diém c6 dinh khi M di dong trén AD.

B&i 2. (TS 10 Bac Giang 2019)Cho tam gidc ABC noi tiép duong tron (O) dudng kinh AC
(BA < BC). Trén doan thang OC lay diém I bat ky (I # C). Duong thang BI cat dudng tron (O)
tai diém thit hai 1a D. Ké CH vuong goc véi BD (H € BD), DK vuong goc véi AC (K € AC).

a) Chiing minh rang tt giac DHKC 1a tit gidc noi tiép.
b) Cho do dai doan thing AC 1a 4 em vi ABD = 60°. Tinh dien tich tam giac ACD.

¢) Dudng thang di qua K song song v6i BC' cat dudng thang BD tai E. Chiing minh ring I thay
ddi trén doan thing OC (I # C) thi diém E luén thuoc mot dudng tron ¢ dinh

Bdi 3. (TS 10 Binh Dinh 2019)Cho dusng tron tam O, ban kinh R vi mot dudng théng d khong

cat dusng tron (O). Dung duong thang OH vuong goc véi dusng thang d tai diem H. Trén duong
thang d lay diem K (khac diem H), qua K vé hai tiép tuyén KA va KB véi duong tron (O), (A va
B la cac tiép diém) sao cho A va H nim vé hai phia ctia duong thang OK.

a) Chiing minh tit gidc KAOH noi tiép duge trong mot duong tron.

b) Duong thing AB cit dudng thang OH tai diém I. Chiing minh réng IA-IB = I H - 10O va diém
I ¢6 dinh khi diém K chay tréen duong thang d c¢6 dinh.

¢) Khi OK =2R, OH = R+/3. Tinh dién tich tam gidc K AT theo R.

Bdi4. (TS 10 Ha Tinh Dé 1)Cho dudng tron tam O va diém M nam ngoai dudng tron dé. Qua
M ké cac tiép tuyén M A, M B véi dudng tron (A, B la tiép diem). Dudng thing (d) thay doi di qua
M, khong di qua O va ludn cat dudng tron tai hai diém phan biet C' va D (C nam gitta M va D).

a) Chiing minh AM BO la ti giac noi tiép.
b) Chiing minh MC - MD = M A2
c¢) Chiing minh dudng tron ngoai tiép tam giac OC'D luon di qua diém c6 dinh khéc O.

Bdi 5. (HK2 Hai Ba Trung HN 2017)Cho duong tron (O) duong kinh AB = 2R, xy la tiép tuyén
v6i (O) tai B. C'D la mot dudng kinh bat ki (AC < O'B). Goi giao diéem ctia AC, AD véi 2y theo thi
tula M, N.
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a) Chiing minh ring tt giac MCDN noi tiép.
b) Chiing minh AC' - AM = AD - AN.

c¢) Goi I 1a tam dudng tron ngoai tiép t giac MCDN va H la trung diem M N. Chting minh ring
ttt gidc AOIH 1a hinh binh hanh. Khi duong kinh CD quay xung quanh diém O thi I di dong
trén duong nao?

d) Khi AHB = 60°. Tih dién tich xung quanh ctia hinh tru tao thanh khi AHIO quay quanh
canh AH theo R.

Bdi 6. (HK2 Hoang Mai HN 2017)Cho dutng tron (O) c6 day cung CD cb dinh. Goi M 1a diém
chinh gitta cung nhé C'D. Dudng kinh M N ctia dudng tron (O) cat day CD tai I. Lay diém E bat ky
tren cung lén CD (E khac C, D, N), ME cit CD tai K. Cac duong thang NE va C'D cit nhau tai
P.

a) Chting minh réng t gidc IK EN noi tiép.
b) Ching minh rang EI- MN = NK - ME.
¢) NK cit MP tai Q. Ching minh rang K 1a phan gidc cia E/IzQ

d) Tit C vé dudng thang vuong goc véi EN cit dusng thang DE tai H. Chitng minh khi £ di dong
tren cung 16n C'D (E khac C, D, N) thi H luon chay trén mot duong ¢ dinh.

Bdi 7. (HK2 Luong Thé Vinh HN 2017)Cho dudng tron (O; R) dudng kinh AB va diém M bat
ki thuoc duong tron (M khac A va B). Ké tiép tuyén tai A ctia dudng tron, tiép tuyén nay cit tia
BM tai N. Tiép tuyén ctia duong tron tai M cit AN & D.

a) Ching minh 4 diém A, D, M, O cing thudc mot duong tron.
b) Chitng minh OD song song v6i BM va suy ra D la trung diém ciia AN.

c¢) Duong thang ké qua O va vuong goc véi BM cit tia DM & E. Chiing minh BE 1a tiép tuyén
cia duong tron (O; R).

d) Qua O ké dusng thang vuong goc véi AB va cit dusng thang BM tai I. Goi giao diém clia AT
va BD 1a J. Khi diém M di dong trén duong tron (O; R) thi J chay trén dudng niao?

Bdi 8. Cho dudng tron (O; R) va diém A c6 dinh véi OA = 2R. Mot duong kinh BC' quay quanh O

sao cho ba diém A, B, C khong thang hang. Duong tron ngoai tiép tam giac BAC cit duong thang
OA tai diém thit hai 1a 1. Duong thang AB, AC lai cit dudng tron (O; R) lan lugt tai D va E. N6i
DE cit duong thing OA tai K.

a) Chting minh réng O - OA = OB -OC va AK - Al = AE - AC.
b) Tinh do dai doan thing OI va AK theo R.

¢) Chitng minh ring dudng tron ngoai tiép tam gidc ADE luon di qua mot diém c6 dinh khac A
khi BC' quay quanh O.

Bdi 9. Cho dudng tron (O; R), mot day cung C'D c6 trung diém H. Trén tia d6i clia tia DC' 1ay mot
diém S va qua S ké cac tiép tuyén SA, SB véi duong tron. Duong thang AB cét cac duong thang
SO, OH tai E, F. Goi I la giao diém ctia AB va CD.

a) Chting minh tit gidc SEHF noi tiép duge.
b) Ching minh OH - OF = R%.

y J/ J J
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¢) Ching minh S7-SH = SC - SD.
d) Khi S di dong trén tia d6i ctia DC chiing minh duong thang AB luon di qua mot diém c6 dinh.

Bai 10. Cho ntta dudng tron tam O dudng kinh AB = 2R. Goi C la trung diém ctia doan thang AO.

Duong thang Cz vudng géc véi dudng thang AB, Oz cit nita dudng tron trén tai I. Goi K la diem
bat ki nam trén doan thang CT (K khac C va I), tia AK cit nita duong tron tai M. Tiép tuyén véi
nita dudng tron tam O tai M cit Cz tai N. Goi D la giao diém ctia BM va Cx.

a) Chitng minh ring bén diem A, C, M, D cling nim trén mot dudng tron.

b) Chitng minh tam gidc M N K can.

¢) Tinh dién tich AABD khi K la trung diém ctia doan thang C1.

)
)
)
d) Ching minh rfémg khi K di dong trén doan thang CT thi dudng tron ngoai tiép tam giac AKD
di qua mot diem cd dinh khac A.

Bdi 11. Cho dudng tron (O) va diém A khac O nam trong duong tron. Mot duong thang thay doi di
qua A nhung khong di qua O cét duong tron tai hai diem M, N. Ching minh ring duong tron ngoai
tiép tam giac OM N luon di qua mot diém ¢ dinh khac O.

Bdi 12. Cho mot diém M bat ki trén nita dudng tron (O) duong kinh AB = 2R, qua diém H cb dinh
tren doan OB, vé dudng thang d vuong goc véi AB. Goi giao diém ctia M A, M B v tiép tuyén tai
M ctia dudng tron (O) véi d lan lugt tai D, C va I. Goi E 1a giao diém ctia AC va dudng tron (O).
Goi K la giao diém OI va ME.

a) Ching minh IF la tiép tuyén ciia duong tron (O).

b) Cho M di chuyén trén dudng tron (M khong trung véi A; B). Chitng minh réng tich OI - OK
khong doi va M E luon di qua mot diém c6 dinh.
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Bir 12. BAI TAP TONG HOP

Bai 1. Cho tam gidc can ABC (AB = AC), I 1a tam dudng tron noi tiép, K 1a tam duong tron bang
tiép goc A, O la trung diém cta IK.

a) Chiing minh B, C, I, K cing ndm trén mot dudng tron.
b) Chiing minh AC 1a tiép tuyén ctia duong tron (O).
¢) Tinh ban kinh duong tron (O) biét AB = AC' = 20 cm, BC' = 24 cm.

Bdi 2. Cho duong tron (O; R), tit mot diem A trén (O) ké tiép tuyén d v6i (O). Tren dudng thang
d lay diém M bat ki (M khac A) ké cat tuyén MNP va goi K 1a trung diém ctia NP, ké tiép tuyén
MB (B la tiép diém). Ké AC L MB,BD 1 MA, goi H la giao diém ctia AC va BD, I la giao diém
cia OM va AB.

a) Chitng minh t giac AM BO noi tiép.
b) Chitng minh nam diém O, K, A, M, B cting nam trén mot duong tron.

c¢) Chiing minh OI - OM = R?*; OI - IM = [ A

)
)
)
d) Ching minh OAH B 1a hinh thoi.
e) Chiing minh ba diém O, H, M thang hang.
f) Tim tap hop ctia diém H khi M di chuyén trén dudng thang d.

Bai 3. Cho tam gidc ABC vuong tai A, dudng cao AH. Vé duong tron tam A ban kinh AH. Goi
HD la duong kinh ctia duong tron (A;AH). Tiép tuyén ctia dudng tron tai D cat CA & E.

a) Ching minh tam giac BEC' can.

b) Goi I 1a hinh chiéu ctia A trén BE, chitng minh rang Al = AH.

¢) Chitng minh rang BE la tiép tuyén ctia duong tron (A;AH).

d) Chiing minh BE = BH + DE.

Bdi 4. Cho (O; R) duong kinh AB. K& tiép tuyén Az va lay trén tiép tuyén d6 mot diem P sao cho
AP > R, tu P ké tiép tuyén tiép xic véi (O) tai M.

a) Chting minh réng t gidc APMO nai tiép duge mot dudng tron.
b) Ching minh BM j/ OP.

c¢) Duong thang vuong goc v6i AB & O cit tia BM tai N. Chiing minh t& giac OBNP 1 hinh
binh hanh.

d) Biét AN cit OP tai K, PM cat ON tai I; PN va OM kéo dai cit nhau tai J. Ching minh
I,J, K thang hang.

B&i 5. Cho ntia duong tron tam O dusng kinh AB va diém M bat ki trén nita dudng tron (M khac
A, B). Trén ntta mat phang bd AB chita nita dudng tron ké tiép tuyén Ax. Tia BM cat Aw tai I, tia
phan giac clia goc IAM cat nita duong tron tai F, cat tia BM tai F, tia BE cat Ax tai H, cat AM
tai K.

a) Chiing minh t gidc EF MK nai tiép.
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b) Chiing minh AI? = IM - IB.
¢) Ching minh BAF la tam giac can.

d) Ching minh t@ gidc AKFH 1a hinh thoi.

e) Xac dinh vi tri cia M dé ttt giac AK FI noi tiép mot dudng tron.

Bdi 6. Cho nita dudng tron (O; R) dudng kinh AB. K& tiép tuyén Bz va lay hai diem C va D thuoc
nita dudng tron. Céc tia AC va AD cit Bx lan lust 6 E, F' (F nam gita B va F ).

a) Chiing minh AC - AE khong doi.

b) Chitng minh ABD = DFB.
¢) Ching minh ring CEF D la tt giac noi tiép.

Bdi 7. Cho dudng tron tam O dudng kinh AB va diém M bat ki trén nita duong tron sao cho
AM < MB. Goi M’ 1a diém dbi xiing ctia M qua AB va S 1a giao diém ctia hai tia BM, M'A. Goi P
1a chan duong vuong goc tit S dén AB.

a) Ching minh bén diém A, M, S, P cing thudoc mot dudng tron.
b) Goi S’ la giao diem ctia M A va SP. Chitng minh raing APS’M can.
¢) Ching minh PM 1a tiép tuyén ctia dudng tron.

B&i 8. Cho AABC can (AB = AC). Canh AB, BC,CA tiép xtic v6i dudng tron (O) tai cic diém
D, E, F. Dudng thang BF cat (O) tai I, DI cit BC tai M. Chiing minh ring:

a) Tam gidc DEF ¢6 ba goc nhon. b) DF /| BC.
P BD BM
Ta giac BDF 01 tiep. d) — = ——.

c) T giac C noi tiep ) OB OF

Bdi 9. Cho duong tron (O) ban kinh R c6 hai duong kinh AB va C'D vudng goéc v6i nhau. Trén doan
thang AB lay diém M (M khac O). Duong thang CM cat (O) tai N. Dudng thang vuong goc véi AB
tai M cat tiép tuyén tai N ctia duong tron ¢ P. Chiing minh rang

a) T gidc OM NP noi tiép.
b) Tt giac CM PO la hinh binh hanh.
¢) CM - C'N khong phu thudce vao vi tri ciia diém M.
d) Khi M di chuyén trén doan thang AB thi P chay trén doan thang ¢ dinh nao?
Bdi 10. Cho tam gidc ABC vuong tai A (AB?AC), duong cao AH. Trén nita mat phing bo BC
chita diém A, vé ntta duong tron duong kinh BH cit AB tai E, vé nita dudng tron dudng kinh HC
cat AC tai F.

a) Ching minh AFHE la hinh ch@ nhat.

b) Ching minh BEFC 1a tit gidc noi tiép.

c)

Ching minh AF - AB = AF - AC.

d) Chiing minh EF la tiép tuyén chung ctia hai nita dudng tron.
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Bai 11. Cho diém C thuoc doan thing AB sao cho AC = 10cm, C'B = 40cm. Vé vé mot phia clia
AB cac ntta duong tron c¢6 duong kinh theo thit tu la AB, AC, CB va c¢6 tam theo thi tu la O, I, K.
Dudng vuong goc véi AB tai C' cit nita dudng tron (O) tai E. Goi M, N theo thi tuy 1a giao diém
cia FA, EB véi cac nita duong tron (1), (K).

a) Chiing minh EC'= M N.

)
b) Chiing minh M N la tiép tuyén chung ctia cac nita duong tron (1), (K).
c) Tinh MN.

d) Tinh dién tich hinh giéi han béi ba nita dusng tron.

Bdi 12. Cho tam gidc ABC vuong tai A. Trén canh AC lay diém M, dung dudng tron (O) cé dudong
kinh MC, duong thang BM cat (O) tai D, duong thang AD cat (O) tai S.

a) Chiing minh ABCD la ti giac noi tiép.
b) Ching minh C'A la tia phan giac clia goc SCB.

¢) Goi E la giao diém ctia BC v6i dusng tron (O). Chiing minh cac dusng thing BA, EM, CD
dong quy.

d) Ching minh DM la tia phan gidc clia goc ADE.
e) Ching minh M 1a tam dudng tron noi tiép tam giac ADE.

Bdi 13. Cho tam giac ABC vuong tai A (AC < AB) va mot diém D nam giita A va B. Duong tron
dudng kinh BD cat BC tai E. Cac dudng thang CD, AFE lan lugt cat duong tron tai F, G. Chiing
minh:

a) Tam gidc ABC dong dang véi tam giac EBD.

b) Ti giac ADEC va tt giac AFBC noi tiép.

c) AC J FG.

d) Cac duong thing AC, DE, FB dong quy.

Bdi 14. Cho tam giac déu ABC c6 dudng cao la AH. Trén canh BC lay diém M bat ki (M khong
trung B, C, H), tt M ké M P, M@ vudng géc v6i cac canh AB, AC.

a) Chiing minh APM@ la tt giac noi tiép, xac dinh tam O ciia dudng tron ngoai tiép tit gidc do.
b) Chiing minh ring MP + MQ = AH.
¢) Ching minh OH L PQ.

Bdi 15. Cho duong tron (O) dudng kinh AB. Trén doan thang OB lay diém H bat ki (H khong
tring O, B). Trén dudng thang vuong goéc véi OB tai H, lay mot diém M & ngoai dusng tron, M A
v M B thit tu cit dudng tron (O) tai C va D. Goi I 1a giao diém ctia AD va BC.

a) Chiing minh MCID la tit giac noi tiép.
b) Chiing minh cac duong thang AD, BC, M H dong quy tai 1.
¢) Goi K la tam duong tron ngoai tiép tit gisac MCID. Chiing minh KCOH la tit giac noi tiép.

Bdi 16. Cho dudng tron (O) dudng kinh AC. Trén ban kinh OC, lay diém B tuy y (B khac O, C).
Goi M la trung diém ctia doan AB. Qua M ké day cung DE | AB. N&éi CD, ké BI L CD.
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a) Chitng minh t giac BMID noi tiép.

b) Chiing minh t& giac ADBE la hinh thoi.

)
)
¢) Ching minh BI J/ AD.
d) Chitng minh I, B, E thang hang.
e) Chiing minh M 1a tiép tuyén ciia duong tron (O') dudng kinh BC.

Bdi 17. Cho duong tron (O; R) va (O'; R') ¢6 R > R’ tiép xtc ngoai nhau tai C. Goi AC va BC' la

hai dudng kinh di qua diém C ctia (O) va (O'). DE la day cung ctia (O) vuong goc v6i AB tai trung

diem M ctia AB. Goi giao diém thit hai ctia DC v6i (O) 1a F, DB cat (O') tai G. Chitng minh réng:
a) T giac MDGC noi tiép.

b) Bén diém M, D, B, F nim trén mot dudng tron.

)
)
¢) Tt gidc ADBE la hinh thoi.
d) B, E, F thang hang.
e) DF, EG, AB dong quy.

1

f) MF = ;DE.

g) MF la tiép tuyén ctia duong tron (O').
Bdi 18. Cho duong tron (O) dudng kinh AB. Goi I la trung diém ctia OA. Vé duong tron tam I di
qua A, trén (I) lay P bat ki, AP cét (O) tai Q.

a) Chung minh ring cac dudng tron (I) va (O) tiép xtc nhau tai A.

b) Ching minh IP j/ OQ.

)
)
c¢) Ching minh ring AP = PQ.
d) Xéc dinh vi tri ctia P dé tam giac AQB c6 dién tich 16n nhat.

Bdi 19. Cho duong tron (O), BC 1a day bat ki (BC' < 2R). Ké cac tiép tuyén véi duong tron (O) tai
B va C ching cit nhau tai A. Trén cung nhé BC lay mot diém M 16i ké cac duong vuong goc M1,
MH, MK xubng cac canh tuong ting BC, AC, AB. Goi giao diém ctia BM, IK la P; giao diém ciia
CM, TH 1a Q.

a) Chiing minh tam gidc ABC' can.

)
b) Céc tit giae BIMIK, CIMH noi tiép .
c¢) Chiing minh MI? = MH - MK.
)

d) Chiing minh PQ L M.

Bdi 20. Cho dudng tron (O), dudng kinh AB = 2R. Vé day cung CD 1L AB & H. Goi M la diém
chinh gitta ctia cung CB, I la giao diém ctia CB va OM. K la giao diém ctia AM va CB. Chiing
minh:

) KC  AC

Y KB~ AB

.

b) AM la tia phan giac cuia CMD.
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c) Tt giac OHCT noi tiép.
d) Chiing minh duong vuong goc ké tit M dén AC ciing 1a tiép tuyén clia dudng tron tai M.

Bdi 21. Cho dudng tron (O) va mot diem A & ngoai dusng tron . Céc tiép tuyén véi dudng tron (O)
ké tit A tiép xtic v6i duong tron (O) tai B va C. Goi M 1a diém tuy y trén duong tron (M khac B,C),
tit M k¢ MH | BC, MK L CA, MI 1 AB. Chiing minh

a) Tt gidc ABOC noi tiép.
b) BAO = BCO.

¢) AMIH « AMHK.

d) MI-MK = MH?.

Bdi 22. Cho tam giac ABC noi tiép duong tron (O). Goi H la truc tam tam giac ABC, E la diém
déi xing ctia H qua BC, F la diém déi xing ctia H qua trung diém I ctia BC.

a) Ching minh t@ giac BHCF' 1a hinh binh hanh
b) E, F nam trén dudng tron (O).
¢) Ching minh tit giac BCFE la hinh thang can.
d) Goi G la giao diém ctia AI va OH. Chitng minh G la trong tam ctia tam giac ABC.

Bai 23. BC 1a mot day cung ciia dudng tron (O; R) (BC # 2R). Diém A di dong trén cung lén BC

sao cho (O) luon nam trong tam gidc ABC. Céc dudng cao AD, BE, C'F cua tam giac ABC' dong

quy tai H.

a) Chiing minh tam gidc AEF dong dang vé6i tam giac ABC.

b) Goi A’ 1a trung diém ctia BC. Chiing minh AH = 20A’.

c¢) Goi A; 1 trung diém ctia EF. Chiing minh R - AA; = AA"- OA'.
)

d) Chitng minh R(EF + FD + DE) = 2- Sypc; vi tri ctia A dé tong EF + FD + DE dat gia tri
16n nhat.

Bdi 24. Cho tam giac ABC noi tiép duong tron (O; R). Tia phan giac ciia goc BAC cit (O) tai M.
Vé duong cao AH va ban kinh OA.

a) Chiing minh tia AM la phan gidc ctia OAH.
b) Gia sit B > C. Ching minh OAH =B - C.
¢) Cho BAC = 60° va OAH = 20°. Tinh
a) B va C ctia tam gidc ABC.
b) Dién tich hinh vién phan géi han béi day BC' va cung nhé BC' theo R.
Bai 25. Cho tam giac ABC' c6 ba géc nhon noi tiép (O; R), biét BAC = 60°.
a) Tinh s6 do goc BOC va do dai BC theo R.

b) Vé duong kinh C'D cia (O; R), goi H 1a giao diém clia ba duong cao clia tam giac ABC. Chiing
minh BD /| AH va AD || BH.
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c¢) Tinh AH theo R.

Bdi 26. Cho dudng tron O, dudng kinh AB = 2R. Mot cat tuyén MN quay quanh trung diém H
cua OB.

a) Chtng minh khi M N di dong, trung diém I ctia M N luén ndm trén mot dudng tron cb dinh.
b) Tt A ké Az L MN, tia BI cit Az tai C. Chiing minh ti gidc CM BN 13 hinh binh hanh.

d

)
)
¢) Ching minh C' la truc tam cta tam gidgc AMN.
) Khi MN quay quanh H thi C' di dong trén dusng nao?
)

e) Cho AM - AN = 3R?, AN = R+/3. Tinh dién tich phan hinh tron (O) nim ngoai tam giac
AMN.

Bdi 27. Cho tam giac ABC nai tiép (O; R), tia phan giac ctia BAC cit BC tai I, cat duong tron tai
M.

a) Ching minh OM L BC.
b) Chiing minh MC? = MT - MA.

c) Ké dudng kinh M N, cic tia phan giac ctia goc B va C' cat dudng thang AN tai P va Q. Chiing
minh bén diéem P, C, B, @ ciing thudoc mot duong tron.

Bdi 28. Cho tam giac ABC can (AB = AC), BC = 6 cm, chiéu cao AH = 4 cm, ndi tiép duong
tron (O), duong kinh AA’.

a) Tinh ban kinh ctia dusng tron (O).

)
b) Ké duong kinh C'C’, ti gidc CAC’A’ 1a hinh gi? Tai sao?
c) Ké AK L CC', ti giac AKHC' la hinh gi? Tai sao?

)

d) Tinh dién tich phan hinh tron (O) nim ngoai tam gidc ABC.

~ . Z 2 NS 2
Bai 29. Cho dudng tron (O), dusng kinh AB ¢6 dinh, diem [ nam gitta A va O sao cho Al = §AO.

Ké day M N vuong géc v6i AB tai I, goi C' la diém tuy ¥ thuoc cung 16n M N sao cho C khong triing
v6i M, N va B. N6i AC cat M N tai E.

a) Chiing minh ti gidc IEC B nai tiép.

b) Ching minh AAME «~ ANACM.

)
)

c) Ching minh AM? = AE - AC.

d) Ching minh AE - AC — AI - IB = AI*,
)

e) Hay xac dinh vi tri ctia C sao cho khodng cach tit N dén tam duong tron ngoai tiép tam giac
CME 1a nhoé nhat.

Bai 30. Cho tam gidc nhon ABC, ké cac dudng cao AD, BE, CF. Goi H la tric tam clia tam gidc.
Goi M, N, P, Q lan lugt 1a cac hinh chiéu vuong géc ctia D léen AB, BE, CF, AC. Chitng minh rang

a) Cac tit gihc DM FP, DNEQ la hinh chit nhat.
b) Céc tit gisc BMND, DNHP, DPQC ni tiép.

c) Hai tam gidc HN P va HC'B dong dang.
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d) Bén diém M, N, P, Q thing hang.

Badi 31. Cho hai duong tron (O) va (O') tiép xiic ngoai tai A. Ké tiép tuyén chung ngoai BC, B € (O),
C € (0'). Tiép tuyén chung trong tai A cit tiép tuyén chung ngoai BC & I.

a) Chiing minh céc ti gidc OBIA, AICO' noi tiép.

b) Chiing minh BAC' = 90°.

Tinh s6 do goc OIO'.

)
)
c)
d) Tinh do dai BC biét OA =9 cm, O'A = 4 cm.

Bdi 32. Cho hai duong tron (O) va (O') tiép xtic ngoai tai A, BC' la tiép tuyén chung ngoai, B € (0O),
C € (0'). Tiép tuyén chung trong tai A cit tiép tuyén chung ngoai BC' & M. Goi E la giao diém ctia
OM va AB, F la giao diém ctia O'M va AC. Chitng minh:

a) Cac tit giac OBMA, AMCO' noi tiép.

b) T giac AEMF 1a hinh chit nhat.

)

)
¢) ME-MO = MF - MO
d) OO’ 1a tiép tuyén ctia dudng tron duong kinh BC.
e) BC la tiép tuyén ctia duong tron duong kinh OO'.

Badi 33. Cho duong tron (O) duong kinh BC, day AD vuong goc v6i BC tai H. Goi E, F theo thi
tu 14 chan cac dudng vuong goc ké tit H dén AB, AC. Goi (I), (K) theo thi tu la cac dudng tron
ngoai tiép tam giac HBE, HCF.

a) Hay xac dinh vi tri tuong doi ctia cac duong tron (I) va (O); (K) va (O); (I) va (K).
b) T giac AEHF' la hinh gi? Vi sao?

)

)
¢) Ching minh AF - AB = AF - AC.
d) Chiing minh EF 1a tiép tuyén chung clia hai dudng tron (1) va (K).
e) Xac dinh vi tri ctia H dé EF c¢6 do dai 16n nhat.

Bai 34. Cho nita duong tron duong kinh AB = 2R. Tt A va B ké hai tiép tuyén Az, By. Trén Az
lay diém M roi ké tiép tuyén M P cit By tai N.

a) Chiing minh tam giac MON dong dang v6i tam giac APB.
b) Chiing minh AM - BN = R

Swon khi AM = g.

¢) Tinh ti 86
Saprn

d) Tinh thé tich ctia hinh do nita dutng tron APB quay quanh canh AB sinh ra.

Bai 35. Cho tam giac déu ABC, O la trung diém BC. Trén canh AB, AC' lan lugt lay cac diém D,
E sao cho DOFE = 60°.

a) Chiing minh tich BD - CE khong doi.
b) Chitng minh ABOD dong dang AOED. Tt d6 suy ra tia DO la tia phan giac clia BDE.

c) Vé duong tron tam O tiép xic véi AB. Chitng minh rang duong tron nay luon tiép xic véi DE.
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Bdi 36. Cho tam giac ABC' can tai A, c6 canh day nho hon canh bén, noi tiép duong tron (O). Tiép
tuyén tai B va C lan lugt cat AC, AB 6 D va E. Chitng minh:

a) BD? = AD - CD.
b) Tt giac BCDE noi tiép.
¢) BC song song DE.

Bdi 37. Cho duong tron (O) duong kinh AB, diém M thuoc dudng tron. Vé diem N déi xing véi A
qua M, BN cat (O) tai C. Goi F la giao diém ctia AC' va BM.

a) Chiing minh tit gidc M NCE noi tiép.
b) Chiing minh NE 1 AB.

c¢) Goi F la diém déi xting véi E qua M. Chiing minh F A 1a tiép tuyén ctia (O).
d) Chiing minh F'N 1a tiép tuyén ctia dudng tron (B; BA).

Bdi 38. Goi AB va AC la hai tiép tuyén ctia duong tron tam O ban kinh R (B; C la tiép diém). Vé
CH vuong goc véi AB tai H, cat (O) tai E va cat OA tai D.

a) Ching minh CO = CD.
b) Ching minh tit gidc OBDC 1a hinh thoi.
c¢) Goi M la trung diem ctia CE; BM cit OH tai I. Chting minh I 1a trung diém ctia OH.
d) Tiép tuyén tai £ v6i (O) cat AC tai K. Chting minh ba diém O; M; K thing hang.

Bdi 39. Cho tam gidc can ABC c6 AB = AC ndi tiép duong tron (O). Goi D la trung diém ctia AC
tiép tuyén ctia duong tron (O) tai A cit tia BD tai E. Tia CF cat (O) tai F.

a) Ching minh BC /| AE.
b) Ching minh ABCEFE la hinh binh hanh.
c¢) Goi I 1a trung diém ctia CF va G la giao diém BC va OI. So sanh B//E’; BGO.
Bdi 40. Cho duong tron (O) va mot diem P & ngoai duong tron. Ké hai tiép tuyén PA; PB (A, B la
tiép diém). Tt A vé tia song song v6i PB cit (O) tai C. Doan PC cit duong tron tai diém thit hai
D. Tia AD ciat PB tai E.
a) Chung minh AEAB «~ AEBD.
b) Ching minh AF 1a trung tuyén cia APAB.
Bdi 41. Cho AABC vuéng é A. Lay tréen canh AC mot diem D. Dyng C'E vuong géc BD.
a) Ching minh AABD «~ AECD.
b) Chiing minh ABCE la ti giac noi tiép.
¢) Ching minh FD vuong géc v6i BC, trong d6 F 1a giao diém ctia BA va CE.

d) Cho ABC = 60°; BC = 2a; AD = a. Tinh AC, dudng cao AH cia AABC va ban kinh ducng tron
ngoai tiép ti giac ADEF .

y J/ J J
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Bai 42. Cho AABC vuong ABC = 90°; BC' > BA, ndi tiép trong duong tron duong kinh AC. Ké
day cung BD vuong géc AC. H la giao diem AC va BD. Tren HC lay diém E sao cho E dbi xiing
v6i A qua H. Duong tron duong kinh FC cat BC tai I (I # C)

. . CI CE
a) Chlrng minh @ = a

b) Chitng minh D;I; E thing hang.
¢) Chitng minh HT la mot tiép tuyén ctia duong tron duong kinh EC.

Bdi 43. Cho duong tron (O; R) va mot duong thang (d) ¢d dinh khong cat (O; R). Ha OH vuong goc
v6i (d) (H € d). M 1a mot diém thay doi trén (d) (M # H). Tit M ké 2 tiép tuyén M P va MQ (P,Q
la tiép diém) vé6i (O, R). Day cung PQ cat OH & I, cit OM & K.

a) Chiing minh 5 diém O; Q; H; M; P cing nam trén 1 dudng tron.
b) Chiing minh IH - 10 = 1Q) - IP.
c) Gia si P/]\E = 60°. Tinh ti s6 dien tich 2 tam giac: AMPQ va AOPQ.

Bdi 44. Cho nita duong tron (O), dudng kinh AB = 2R. Trén tia ddi clia tia AB lay diem E (E # A).
T E, A, B ké cac tiép tuyén v6i nita dudng tron. Tiép tuyén ké tit £ cat hai tiép tuyén ké tit A va B
theo thi tu tai C va D.

a) Goi M la tiép diém ctia tiép tuyén ké tit £ t6i nita duong tron. Chiing minh tit giac ACMO noi
tiép dugce trong mot dudng tron.

DM CM
ht inh AFAC ~ AEBD. tix dé _—
b) Ching min C , tu do suy ra DE CF

c¢) Goi N la giao diém ctia AD va BC. Chiing minh M N /| BD.
d) Chiing minh EA* = EC - EM — EA - AO.

e) Dit AOC = a. Tih theo R vi « céc doan AC va BD. Ching t6 rdang tich AC' - BD chi phu
thuoc gia tri cia R khong phu thudc vao a.

Bai 45. Cho AABC c¢6 3 géc nhon. Goi H la giao diém ctia 3 dudng cao AA;; BBy; CCh.

a) Chiing minh t giac HA; BC) noi tiép duge trong duong tron. Xac dinh tam I ctia duong tron
&y,

b) Ching minh A; A la phan gidc cia B A,Ch.
c) Goi J la trung diém ctia AC. Chiing minh I.J 1 trung truc ctia A;,C;.

) . MH 1
d) Trén doan HC' lay diem M sao cho =3 So sanh dién tich ctua hai tam giac AHJM va

MC
AHAC.

Bai 46. Cho diém C c6 dinh trén mot duong thang zy. Dung nita duong thing Cz vuong géc véi xy
va lay trén do 2 diém c6 dinh A, B (A nam giita C va B ). M la mot diém di dong trén zy. Duong
thing vuong goc véi AM tai A va véi BM tai B cit nhau tai P.

a) Chiting minh ti¢ giac M ABP noi tiép duge trong duong tron va tam O clia dudng tron nay nam
tren mot duong thing ¢ dinh di qua diém giita L ctia AB .

b) Ké PI 1 Cz. Chiing minh I 1a mot diém cd dinh.
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c) BM va AP cat nhau 6 H; BP va AM cat nhau 6 K. Chting minh KH | PM.
d) Cho N la trung diém ctia K H. Chiing minh N, L, O thang hang.

Bdi 47. Cho nita dudng tron (O) dudng kinh AB va K 1a diém chinh gifta cia cung AB. Trén cung
AB lay mot diém M (khac K, B). Trén tia AM lay diém N sao cho AN = BM. Ké day BP song
song véi K M. Goi Q 1a giao diém ctia cac dusng thing AP, BM.

a) So sanh hai tam giac AAKN va ABK M.
b) Ching minh: AKMN vuoéng can.
¢) Tt gidc ANKP la hinh gi? Vi sao?

Bi 48. Cho (O), ban kinh R, ¢6 hai duong kinh AB, C'D vuéng goéc véi nhau. M 1a mot diem tuy
¥ thuodc cung nhé AC. N6i M B cat CD & N.

a) Ching minh tia M D la phan giéc cta AMB.

b) Chitng minh ABOM dong dang ABN A. Chiing minh BM - BN khong doi.

c¢) Chiing minh t gide ON M A noi tiép. Goi I 1a tam dudng tron ngoai tiép ti giac ONMA, I di
dong nhu thé nao?

Bdi 49. Cho tam gidc ABC can (AB = AC) ndi tiép dusng tron (O). Goi D la trung diém ctia AC;
tia BD cét tiép tuyén tai A ctia duong tron (O) tai diem E; EC cat (O) tai F.

a) Chiing minh BC song song vdi tiép tuyén ctia dudng tron (O) tai A.

b) Ti gidc ABCE la hinh gi? Tai sao?

c¢) Goi I 1a trung diém ctia CF va G 1a giao diém ctlia cac tia BC véi OI. So sanh BGO va BAC.
d) Gia sit ting DF /| BC. Tinh cos ABC.

Bai 50. Cho 2 dudng tron (O) va (O') cat nhau tai hai diém A va B. Cac duong thang AO, AO’ cit
duong tron (O) 1an lugt tai cac diem C, D va cit (O') lan lugt tai E, F.

a) Ching minh C, B, F thang hang.
b) Chiing minh tit gidc CDEF noi tiép.
¢) Chiing minh A 1a tam duong tron noi tiép ABDE.
d) Tim diéu kien dé DFE la tiép tuyén chung ctia (O) va (O').
Bdi 51. Cho duong tron (O; R) ¢6 2 duong kinh ¢ dinh AB 1 CD.
a) Chiing minh ACBD la hinh vuong,.

b) Lay diém E di chuyén trén cung nhé BC (E khac B, C). Trén tia ddi clia tia FA lay doan
EM = EB. Ching to ED la tia phan giac cia AEB va ED || M B.

¢) Ching minh CE 1a duong trung tryc cia BM va M di chuyén trén mot dudng tron, xac dinh
tam va ban kinh theo R ctia duong tron do.

Bdi 52. Cho tam giac ABC déu, duong cao AH. Qua A vé duong thing vé phia ngoai clia tam giac,
tao véi canh AC géc 40°. Duong thing nay cit canh BD kéo dai ¢ D. Dudng tron tam O duong kinh
CD cit AD & E. Duong thing vuong géc v6i CD tai O cit AD & M.

y J/ J J
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a) Chiing minh AHCFE nai tiép duge. Xac dinh tam I ctia dudng tron do.
b) Ching minh CA = CM.

c) Duong thang HE cit dudng tron tam O ¢ K, duong thing HI cit duong tron tam I 6 N va
cit duong thang DK & P. Chtng minh tt gidc NPKE noi tiép.

Bai 53. BC 1a mot day cung ciia dudng tron (O; R) (BC # 2R). Diém A di dong trén cung l6n BC
sao cho O luon nam trong AABC. Cac dudng cao AD, BE, CF dong quy tai H.

a) Ching minh AAEF «~ AABC.

b) Goi A’ 1a trung diém BC. Ching minh AH = 2A'0.

c¢) Goi A; la trung diem EF. Chiing minh R - AA; = AA’-OA'.
)

d) Ching minh R-(EF + FD + DE) =2 - Sapc. Suy ra vi tri diém A dé tong (EF + FD + DE)
dat GTLN.

Bdi 54. Cho dudng tron tam O c¢6 AB la dudng kinh ¢ dinh con DC la dudng kinh thay doi. Goi
(A) 1a tiép tuyén véi duong tron tai B va AD, AC lan lugt cat (A) tai Q va P.

a) Chiing minh tt gidc CPQD noi tiép duge.
b) Chiing minh trung tuyén Al clia AAQP vuong goc véi DC.
c) Tim tap hop cic tam E cta dudng tron ngoai tiép ACPD.

B&i 55. Cho AABC can (AB = AC; A < 90°), mot cung tron BC nim bén trong tiép xic véi AB,
AC tai B va C. Trén cung BC lay diém M roi ha cac dudng vuong géc M1, MH, MK xudng cac
canh tuong tng BC, CA, AB. Goi Q la giao diém ctia M B, IK. Goi P la giao diéem cta MC, IH.

a) Chiing minh: Cac t1t gihc BIMK, CIM H noi tiép duge.

b) Chiing minh: Tia d6i ctia tia M1 1a phan giac HM K.
c) Chitng minh: Tt giac M PIQ nai tiép duge. T d6 suy ra PQ J/ BC.

Bdi 56. Cho nita dudng tron (O), dudng kinh AB, C la trung diém ctia cung AB; N la trung diém
ctia BC. Duong thing AN cit nita dudng tron (O) tai M. Ha CI L AM, (I € AM).

a) Chting minh: T gidc CTOA noi tiép duge trong mot dudng tron.
b) Chiing minh: T gidc BMC1 1a hinh binh hanh.

¢) Chiing minh: MOT = CAI

d) Chiing minh: M A =3MB.

B&i 57. Cho AABC ¢6 BAC = 60° noi tiép trong duong tron (O), dudng cao AH cat dudng tron &
D, dudong cao BK cat AH tai E.

a) Ching minh: BKH = BOD.
b) Tinh goéc BEC.
c¢) Biét canh BC c6 dinh, diém A chuyén dong trén cung lon BC. Hoi tam I clia dudng tron noi

tiép tam giac AABC chuyén dong trén duong nao? Néu cach dung duong d6 (chi néu cach dung)
va cach xéc dinh r6 né (giséi han dusng do).
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d) Ching minh AIOFE can tai 1.

Bai 58. Cho hinh vuong ABC D, phia trong hinh vuong dyng cung mot phan tu dudng tron tam B,
ban kinh AB va ntta dudng tron duong kinh AB. Lay mot diém P bat ki trén cung AC, vé PK 1 AD
va PH | AB. N6i PA cat nita duong tron duong kinh AB tai I va PB cat ntta dudng tron nay tai
M. Chitng minh ring

a) I 1a trung diém ctia AP

b) Cac duong PH, BI va AM dong quy
¢) PM = PK = AH

d) Tt gidc APMH 1a hinh thang can

Bdi 59. Cho dudng tron tam O, dudng kinh AB = 2R. Ké tia tiép tuyén Bz, M la diém thay doi
tren tia Bx; AM cat (O) tai N. Goi I 1 trung diém ctia AN,

a) Chiing minh tit gidc BOIM ndi tiép duge trong mot dudng tron
b) Ching minh AIBN «~ AOMB
¢) Tim vi trf cia diém M trén tia Bz dé dien tich ATOA dat gia tri 16n nhét

Bdi 60. Cho AABC déu, noi tiép trong duong tron (O; R). Goi AI 1a mot duong kinh c6 vi tri cd
dinh va D la diém di dong trén cung nhé AC (D # A, D # C).

a) Tinh canh cia AABC theo R va ching to Al la tia phan gidc cua BAC

¢) Suy ra F di dong trén duong tron ma ta phai xac dinh tam va giéi han

)
b) Tren tia DB lay doan DE = DC'. Chting t6 ACDE déu va DI L CE
)
d) Tinh theo R dién tich AADI lic D la diém chinh gitta cung nhé AC

Bdi 61. Cho hinh vuong ABCD canh biang a. Trén AD va DC lay cac diem E va F sao cho AE =

pF =2
3

a) So sanh AABE va ADAF. Tinh céc canh va dién tich ctia ching,.
b) Chiing minh AF | BE.

Bai 62. Cho tam giac ABC ¢6 ba géc nhon va A = 45°. Vé cac duong cao BD vi CE cit nhau tai
H.

a) Chiing minh t1t gidc ADHFE noi tiép duge trong mot dudng tron.
b) Chitng minh HD = DC.

. DE
Tinh ti s0 —.
¢) Tinh ti s6 BO

d) Goi O la tam dudng tron ngoai tiép AABC. Chiing minh OA | DE.

Bdi 63. Cho hinh binh hanh ABCD c6 dinh D thuoc duong tron dusng kinh AB. Dung BN va DM
cuing vuong goéc véi AC. Ching minh:

a) Tt giac CBM D noi tiép mot dudng tron.

b) Khi D di dong trén dudng tron thi (BMD + BCD) khong déi.

y J/ J J
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V' J J J
¢) DB-DC = DN - AC.

Bdi 64. Tit diém A nam ngoai dusng tron (O) ké 2 tiép tuyén AB, AC va cat tuyén AK D sao cho
BD J] AC. N6i BK cat AC & 1.

a) Neu cach vé cat tuyén AK D sao cho BD J| AC.
b) Chiing minh IC? = IK - IB.
c¢) Cho BAC = 60°. Chiing minh cét tuyén AKD di qua O.

Bdi 65. Cho AABC can 6 A. Dudng vuong goéc véi AB & A cat duong thing BC 6 E; ké EN L AC.
Goi M la trung diém BC'. Hai duong thing AM va EN céat nhau 6 F.

a) Tim céc tit gidc co the noi tiép dudng tron. Giai thich vi sao? Xéac dinh tam cac duong tron doé.
b) Chitng minh E'B la tia phan gidc cia AEF.
¢) Chitng minh M 1a tam duong tron ngoai tiép AAFN.

Bdi 66. Cho nita duong tron tam (O), duong kinh BC'. Diém A thudc nita dusng tron d6. Dung hinh
vuong ABED thudc nita mat phiang b AB, khong chiia dinh C. Goi F la giao diém ctia AE va nita
dudng tron (O); K 1a giao diem ctia CF va ED.

a) Ching minh bén diém E, B, F, K nam trén mot dudng tron.

b) ABKC la tam giac gi? Vi sao?

¢) Tim quy tich diém E khi A di dong trén nita dudng tron.
Bai 67. Cho AABC vuong tai C, c6 BC = %AB. Trén canh BC lay diém E (E khac B va O). Tit
B ké dudng thang d vuong géc v6i AE, goi giao diém cia d v6i AE, AC kéo dai lan lugt 1a I, K.

a) Tinh do 16n goc CIK.

b) Ching minh KA-KC = KB-KI va AC* = Al - AE — AC - CK.

c¢) Goi H la giao diém clia dudng tron duong kinh AK v6i canh AB. Chiing minh H, E, K thiang
hang.

d) Tim quy tich diém I khi E chay trén BC.

Bai 68. Cho tam giac ABC vuong tai A. Nita dusng tron duong kinh AB cit BC tai D. Trén cung
AD lay mot diem E. N6i BE va kéo dai cat AC tai F.

a) Ching minh CDEF noi tiép.

b) Kéo dai DE cat AC' 6 K. Tia phan giac cua CKD cit EF va CD tai M va N. Tia phan giac
ciia CBF cat DE va CF tai P va Q. T giac MPNQ 1a hinh gi? Tai sao?

¢) Goi r, ry, ro theo thit ty la ban kinh cac dudng tron noi tiép céc tam giac ABC, ABD, ADC
Chiing minh r? = r? + r2.

Bdi 69. Cho dudng tron (O; R). Hai dudng kinh AB va CD vudng géc véi nhau. E la diém chinh
gitta clia cung nhé BC. AE cat CO & F'; DE cat AB & M.

a) Tam giac CEF va tam giac EBM la cac tam giac gi?

b) Chiing minh ti gidc FCBM noi tiép. Tim tam duong tron do.
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¢) Chitng minh cac duong thang OF; BF; CM dong quy.

Bdi 70. Cho duong tron (O; R). Day BC' < 2R ¢b dinh va A thuoc cung 16n BC' (A khéc B, C va
khong triing v6i diém chinh gitta ctia cung). Goi H 1a hinh chiéu ctia A len BC; E, F tht tu 1a hinh
chiéu ctia B, C trén duong kinh AA’.

a) Ching minh HE 1 AC.
b) Ching minh AHEF «~ AABC.
¢) Khi A di chuyén, chting minh: tam dudng tron ngoai tiép AHEF ¢b dinh.

Bai 80. Cho tam gidc ABC vuong tai A, ké duong cao AH. Goi I, K tuong tng la tam cac duong
tron noi tiép AABH va NACH

a) Ching minh AABC «~ AHIK.
b) Dudng thang I K cit AB, AC lan lugt tai M, N.
(a) Chiing minh t gidc HCNK noi tiép duge trong mot duong tron.
(b) Chting minh AM = AN.
1 N
(¢) Ching minh S’ < 55 trong d6 S, S’ lan lugt 1a dién tich AABC va AAMN.
Bdi 81. Cho tam giac ABC noi tiép trong dudng tron (O). Diem D thuoc canh BC sao cho AD la
phan giac ciia BAC. Céc diém M, N thudce (O) sao cho CM /| BN J AD.
a) Ching minh AM = AN.

b) Goi giao diem ctia BM va AC 1a E; giao diém ctia ON va AB la F. Chitng minh ring bén diém
B, C, F va F cung thuoc mot ducng tron.

c¢) Chiing minh ring cic dudng thang MF, NE va AD dong quy.

Bdi 82. Cho duong tron tam O va mot diem A nim ngoai duong tron. Qua A ké cac tiép tuyén
AM, AN v6i duong tron (M, N la cac tiép diém) va cat tuyén ABC khong qua O (tia AC. nim giita
AN va AO; B nam giita A va C).

a) Ching minh bén diém A, M, O, N thuoc cing mot dudng tron.

b) Qua M ké du’dng thing song song véi AC, cat duong tron tai diém tht hai E, NE cit BC tai
I. Chiing minh MON = 2NIB va I la trung diém ctia BC.
1 1
= + ,
AK AB AC
Bdi 83. Cho tam giac nhon ABC noi tiép duong tron (O), ké duong cao AH (H € BC). Goi hai

diém I va K lan lugt 1a chan dudng vuong goc ké tit A dén hai tiép tuyén tai B va C ciia dudng tron
(0)

¢) MN ciat BC tai K. Chiing minh

a) Chiing minh tit gidc AHBI noi tiép va xac dinh tam ctia dudng tron ngoai tiép ti gidc AH BI.
b) Ching minh AHK = ABC va AH? = AI - AK.

¢) Goi M va N lan lugt 1a trung diém ctia AI va AK. Chitng minh ring néu AH = AM + AN thi
ba diém A, O, H thang hang.

Bdi 84. Cho dudong tron (O) dudong kinh AB = 2R, C' la trung diém ctia OA va day MN vuong goc
véi OA tai C. Goi K 1a diém tiy § trén cung nhé BM, H la giao diém ctia AK va MN.
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a) Chiing minh: Tt gidc BCHK noi tiép.
b) Ching minh AH.AK = R? va tit gidc AMON 13 hinh thoi.

c¢) Qua K ké dudng thang song song v6i M N cit (O) tai E(E # K). Tiép tuyén tai M cit dudng
thang AB tai P. Dudng thang PK cit (O) tai D(D # K). Ching minh ti gidc DCOK la tit
giac noi tiép va 3 diém D; C; E thing hang.

Bdi 85. Cho (O) va day BC khong di qua O, A la diém bat ky trén cung l6n BC sao cho AB # AC.
Ké dudng kinh AM cta (O), BE L AM, BF 1 AC, AD 1 BC.

a) Chiing minh ring 5 diém A, F, E, D, B cung thuoc mot dudng tron.
b) Chiing minh ring AB - AC = AM - AD.
¢) Chitng minh rang

(a) DE L AC.
(b) Khi A di dong trén cung 16n BC thi EF luon di qua mot diém cb dinh.

Bdi 86. Cho dudng tron (O) va diém A c¢6 dinh nim ngoai duong tron (O). Qua A ké dudng thang
d cat (O) tai H, K(AH < AK). Goi I 1a trung diém ctia HK. Ké tiép tuyén AB, AC t6i (O) (B, C
13 hai tiép diém va B thuoc cung 16n HK).

a) Chting minh réng t gidc ABOIT nai tiép.
b) Goi G la giao didm cia OA vi BC. Chitng minh AC? = AH - AK va AKO = AGH.

c¢) Hai tiép tuyén tai H, K ctia duong tron (O) cit nhau tai S. Ching minh GC' la tia phan giac
ctia goc HGK va ba diém B, C, S. thang hang.

Bdi 87. Cho dudng tron (O, R) dudng kinh AB. K& tiép tuyén Az va lay trén tiép tuyén mot diém
C sao cho AC > R. Tu C ké tiép tuyén tiép xuc véi (O) tai F.

a) Chiing minh riang 4 diem A, C, E, O cing nam trén mot dudng tron.
b) Chitng minh BE j/ OC.

c¢) Duong thing vuong goc véi AB & O cat tia BE tai D. Chitng minh t giac OBDC la hinh binh
hanh.

d) Biét AD cat OC tai F, CE cat OD tai G, CD va OF kéo dai cat nhau tai H. Chiing minh 3
diém F, G, H thing hang.
Bdi 88. Cho dudng tron (O; R) va day BC c6 dinh khong di qua O. Trén cung 16n BC' lay diéem A
sao cho AB < AC. Ké duong kinh AK, biét E la hinh chiéu ctia C trén AK va M la trung diem BC.
a) Chiing minh 4 diém C, E, O, M cung thuoc mot dudng tron.

AB - AC

b) Ké AD 1 BC. Ching minh AD = R
¢) Ching minh DE /| BK.

d) Goi F la hinh chiéu ctia B trén BC. Chiing minh ring khi A di chuyén trén cung l6n BC' thi
tam duong tron ngoai tiép ADFFE 1a mot diém cb dinh.

Bai 89. Cho tam giac ABC nhon (AB < AC). Vé duong tron tam O duong kinh BC', dudng tron
(O) cat AB, AC lan lugt 6 F va E. BE cat CF tai H, AH cat BC tai D.
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a) Ching minh ti giac AEHF noi tiép.

b) Ching minh tia £ B la tia phan gidc clia DEF.

c¢) Tia ddi cla tia DA cat duong tron (O) tai N, ching minh DN? = DH - DA.

d) Goi P, @ lan lugt 1a chan duong vuong goc ké tit B va C' dén EF. Chiing minh PQ = DE+ DF.

Bdi 90. Cho duong tron (O; R) va day BC' ¢b dinh khong di qua O. Trén cung 16n BC' lay diem A
sao cho tam giac ABC nhon va AB < AC. Cac duong cao AD, BE, C'F ctia tam giac ABC' cit nhau
tai H. Goi S la diém déi xiing v6i A qua EF, K 1a diém déi xiing v6i A qua O.

a) Chitng minh ring bén diéem B, F, E, C ciing thuoc mot dusng tron.

b) Duong thang qua A song song v6i EF cit trung truc ciia AB tai N, NK cat (O) tai L (khac
K). Chiing minh rang N B la tiép tuyén ctia (O).

BK - AL

c¢) Ching minh rang: Khi diéem A thay doi trén cung 16n BC ctia (O) thi B

khong doi va

dudng tron ngoai tiép tam giac HSD luon di qua mot diém cb dinh.

Bdi 91. Cho tam gidc nhon ABC (AB < AC) noi tiép duong tron (O) v6i cac duong cao AD, BE,
CF cing di qua trie tam H. Goi K 1a trung diém ctia doan AH. Dudng thing di qua K vi vuong
goc véi BK cat AC tai N.

a) Chiing minh BKEN 1a tit gidc noi tiép.
b) Ké dudng kinh BS ciia dudng tron (O). Ching minh ABE = SBC.
¢) Ching minh BK - BC'= BN - BE va ON /| BC.

Bdi 92. Cho duong tron (O) duong kinh AB. Qua trung diém C ciia OA vé day DE vudng géc véi
OA. Goi K la diém tity y trén cung nhé BC (K # B, D), H la giao diém ctia AK va DE.

a) Chiing minh t1t gidc BOHK 1a t1t gidc noi tiép.
b) Chitng minh AH - AK = AD?

c) Lay diém F trén doan K E sao cho KF = K B. Chiing minh AKFB la tam gidc déu. Xac dinh
vi trf clia diém K trén cung nhé BD dé tong KD + KB + KE dat gia tri 16n nhat.

Bdi 93. Cho ntta dudng tron tam O, dudng kinh AB. Qua diém C nam gitta A va O vé duong thang
vuong goc véi AB, cit nita dudng tron (O) tai D. Trén cung BD lay diém M (M # B, D). Tiép
tuyén véi (O) tai M cat CD tai E; AM cat CD tai F.

a) Chiing minh tit gidc BC'FM noi tiép dudng tron.

b) Chitng minh EM = EF.

c¢) Goi I 1a tam dudng tron ngoai tiép AFDM. Chiing minh ba diém D, I, B thing hang.

Bdi 94. (HK2 Lé Quy Don HN 2017)Cho tam giac M AB vuong goc tai M, MB < MA. Ké M H
vuong goc véi AB (H thuoc AB). Dudng tron (O) duong kinh M H cat M A va M B lan lugt tai E va
F (E, F khac M).

a) Ching minh tit gidc M EHF' 1a hinh chit nhat.

b) Chiing minh ti gidc AEF B noi tiép.
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¢) Dudng thing EF cit dudng tron (O') ngoai tiép tam gisc MAB tai P va Q (P thudc cung
M B). Ching minh tam gidc M PQ can.

d) Goi I 1a giao diém thit hai ctia dudng tron (O) véi duong tron (O). Dusng thang EF cit dudng
thang AB tai K. Chting minh ba diém M, I, K théng hang.

Bai 95. (HK2 Mari Curie HN 2017)Cho hinh vuong ABCD, diém F thudc canh BC. Qua B ké
duong thing vuong géc véi dudsng thang DE tai H, cit dudng thang DC ¢ K.

a) Chiing minh rang BHCD la tt giac ndi tiép.

b) Tinh s6 do CHE.

¢) Ching minh he thic KC- KD = KH - KB.

d) Khi E di chuyén trén canh BC thi H di chuyén trén duong nao?

Bai 96. Cho AABC nai tiép duong tron (O). AD, BE, CF la ba dudng cao, H la tryc tam cta
NABC.
a) Chira 6 t gidc noi tiép. Giai thich.
b) Chiing minh DA la tia phan gidc ctia goc EDF. Suy ra H 1a tam duong tron noi tiép ADEF.
c¢) Céac tia AD, BE, C'F cat (O) lan lugt 6 M, N, P. Ching minh H dbi xtng v6i M qua BC.

)

d) Chiing minh H 1a tam duong tron noi tiecp AMNP.
. .1
e) Ching minh ban kinh dudng tron ngoai tiép tam giac DEF bang 3 ban kinh (O).

Bai 97. Cho AABC (AB < AC) nai tiép (O; R), ¢6 ba dudng cao AD, BE va C'F dong quy tai H.
a) Chiing minh ring cac tt gidc DBFH, ACDF noi tiép dugc.
b) Ching minh ring HE.HB = HF.HC.

¢) Vé duong kinh AM ctia (O), goi I la trung diém ctia BC. Chitng minh rang ba diém H, I va M
thang hang.

d) Gi4 sit BAC = 60°, hay tinh ban kinh dwong tron ngoai tiép AHEF theo R.
e) Goi G la trong tam ciia AABC. Chitng minh ring ba diém H, G va O thang hang.

f) Goi T 1a tam duong tron noi tiep AABC. Gia st BAC = 60°, chitng minh ring nam diém B, H,
T, O va C cung thudoc mot duong tron.

Bai 98. Cho AABC noi tiép (O; R), c6 ba duong cao AK, BE va C'F cit nhau tai H. Goi I 1a trung
diém ctia BC, M la diém déi xting ctia H qua K va D la diém déi xing ctia H qua I. Chitng minh:

a) M nam tren (O).
b) D nam trén (O).
¢) H la tam duong tron noi tiécp AEFK.

Bai 99. Cho AABC noi tiép (O), c6 hai dusng cao BD va C'E cat nhau tai H. Kéo dai BD va CE
cat (O) lan lugt tai M va N.

a) Chiing minh ring ti giac BEDC nai tiép duge trong mot dudng tron.
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b) Chiing minh rang ACHM can.
¢) Ching minh rang AAMN can va MN//DE.

d) Goi K la diém déi xting ctia D qua BC, F la giao diém ctia AH va BC. Chitng minh ring ba diém
E.F va K thiang hang.

e) Q la giao diém ctia AH va (O). Chitng minh ba diém B, @, K thang hang.
f) Ve DX1AB 6 X, DY LBC 6 Y. Chitng minh XY//EF.

Bai 100. Cho AABC noi tiép (O; R), c6 hai duong cao AD va BE cit nhau tai H. Vé AK 1a duong
kinh ctia (O), I 1a giao diém ciia AD va (O). Goi F 1a giao diém ctia CH va AB. Dudng thang EF
cat (O) tai M va N.

a) Chiing minh rang tt giac BIKC' la hinh thang can.

b) Chiing minh rang tit gidc BHCK 1a hinh binh hanh.

c¢) Chitng minh ring OA vd EF vuong géc v6i nhau.

d) Chitng minh rang AM = AN.

e) S la giao diém ctia M N va BC. Chiing minh SM.SN = SE.SF.

f) T 1a giao diém ctia SA va (O). Chitng minh T thudc dudng tron dusng kinh AH.
g) Biét ring AC = Rv/3. Tinh FED va do dai cac doan thing DF, BH theo R.

h) Tinh DA? + DB? + DC? + DI? theo R.

Bdi 101. Qua diém A & ngoai dudng tron (O), ké cat tuyén ABC véi dusng tron. Céc tiép tuyén clia
(O) tai B va C cit nhau ¢ K. Qua K ké dudng thang vuong goc véi AO tai H, cat (O) tai E va F
(E nam gitta K va F). Goi M la giao diém ctia OK va BC.

a) Chiing minh tit gidc EMOF noi tiép.

b) Chiing minh AE, AF 1a cac tiép tuyén ctia (O).

¢) Ching minh FB.CF = EC.BF.

d) Goi D la giao diém ctia BC va EF. Chting minh DB.AC = DC.AB.

Bdi 102. Cho AABC nai tiép (O), c6 dudsng phan giac AD (D thuoc canh BC) cit (O) tai E.

a) Chitng minh ring OF di qua trung diém I ctia BC.

b) Chiing minh raing BA.BE = BD.EA.

c) Goi K, M lan lugt 1a hinh chiéu ctia F len AC va AB. Chiing minh réng tt gidc EIKC noi tiép.
d) Chitng minh ring ba diém M, I va K thing hang.

Bdi 103. Cho nita dudng tron (O) dusng kinh AB. M 1a mot diém bat ky trén cung AB. Ké MD L
AB tai D. Qua mot diem C trén cung M B, ké tiép tuyén Cx cit DM tai I. DM cit AC 6 E va cit
BC & F.

a) Ching minh bén diem B, C, E, D ciing thudc mot dudng tron va bén diem A, D, C, F cing thuoc
mot dudng tron.

b) Ching minh MEC = ABC.

y J/ J J
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c¢) Chitng minh 7 13 tam duong tron ngoai tiép tam giac FEC.
d) K la giao diém ctia AF va (O). Chiing minh K i tiép tuyén ciia (O).

Bai 104. Cho AABC c6 ba goc nhon noi tiép trong (O). Dudng cao AE clia tam giac ABC cat (O)
tai F'. AD la duong kinh cta (O).

a) Chiing minh rang t giac BCDF la hinh thang can.
b) Chiing minh ring AB.AC = AD.AE.

c) Goi H la tryc tam ctia tam giac ABC. Chiing minh rang H d6i xing véi F qua BC va DH di qua
trung diém I ctia BC.

d) Goi G la trong tam ctia tam gidc ABC. Chiing minh rang GH = 2GO.

Bai 105. Cho hinh vuong ABCD canh a. Lan lugt lay M, N trén canh AB, AD sao cho MCN = 45°
(M, N khong trung véi cac dinh ctia hinh vuong). CM, C'N lan luot cat BD tai E va F.

a) Chiing minh ring cic bo 4 diém B, C, F, M va C, D, N, E cing thuoc mot dudng tron.
b) Chiing minh réng F, F';, N, M cung thuoc mot dudng tron c¢6 duong kinh M N.

c) MF va NE cat nhau tai H. Ching t6 rang C'H vuong géc véi M N.

d) Chiing minh rang C'M 1a tia phan giac cua HCB.

e) Chiing minh rang M N luon tiép xtc v6i dudng tron ¢ dinh.

f) Chitng minh rang Scrpr = Sunre-

Bai 106. Cho diém A c6 khoang cach dén duong thang zy 1a AB = 2a. Trén zy lay hai diem C va
D khéc phia so véi B sao cho DAB = 45° va CAB = 30°. AD, AC cat duong tron duong kinh AB
lan lugt tai F va F.

a) Tinh cac canh cia AACD theo a.

)
b) Ching t6 E la trung diem AD va bén diem E, F, C, D cing nam trén dudng tron.
¢) Tinh céc canh cia AAEF theo a.

)

d) Tinh SCDEF theo a.

Bai 107. Cho hai dudng tron (O) va (O’) cit nhau tai A va B. Mot duong thang di qua B cat (O)
va (0O') 6 M va M’ (M va M’ khac B). Cac tiép tuyén tai M vad M’ ctia hai dudng tron cit nhau &
N. MO va M'O' cat nhau § P.

a) Chting minh ring AAOO’" dong dang v6i AAMM', AAOM dong dang véi AAO' M’
b) Chiing minh ring cac tit giac NMPM', NMAM' noi tiép duge.

c) Tinh PAN.
d) Chiing minh ring bén diém O, A, O’ va P cing thuoc mot dusng tron.

Bai 108. Cho tam gidc ABC' c6 cac goc nhon noi tiép duong tron (O; R). Céc duong cao AD, BE,CF
cat nhau tai H. BE,CF cét (O) lan lugt tai B, C' (B’ # B,C" # C). Goi I, K 1an lugt 1a hinh chiéu
cua B,C trén EF.

a) Ching minh AB" = AC".
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b) Chiing minh FBH = FDH.

c¢) Chiing minh H la tam dudong tron noi tiécp ADEF.

d) Ching minh B 13 tam duong tron bang tiécp ADEF.

e) Ching minh H va B’ ddi xiing v6i nhau qua AC.

f) Goi A’ 1a diém ddi xing v6i H qua BC. Chiing minh A’ thuoc (0).
)

g) Ching minh OA 1 EF.
1
h) Chfﬂlg minh: SABC = §R : PDEF‘

Bai 109 (TS 10 Binh Duong 2021). Cho tam gidc ABC vuong tai A(AB < AC) noi tiép trong
dudng tron tam O. Dung dudng thang d qua A song song BC, dudng thang d’ qua C song song BA.
Goi D la giao diém ctia d va d’. Dung AE vuéng géc BD (E nam trén BD), F 1a giao diém ctia BD
v6i dudng tron (O). Ching minh:

a) Tt gidc AECD nai tiép duge trong dudng tron.
b) AOF = 2CAE.

¢) Tt gidc AECF la hinh binh hanh.

d) DF DB =2 AB”.

Bdi 110 (TS 10 Qudng Ngdi 2021). Cho duong tron (O, R) va diém S nidm bén ngoai dudng tron,
SO = d. Ké cac tiép tuyén SA, SB véi duong tron (A, B la cac tiép diém).

a) Ching minh ring 4 diem S, O, A, B cuing thuoc mot dusng tron.
b) Trong trusng hgp d = 2R, tinh do dai doan théng AB theo R.

¢) Goi C la diém ddi xiing ctia B qua O. Dudng thang SC' cat duong tron (O) tai D (khac C). Hai
duong thang AD va SO cét nhau tai M. Ching minh ring SM? = MD - M A.

d) Tim méi lien he gitta d va R dé tit gidc OAM B 1a hinh thoi.

Bai 111 (TS 10 Khanh Hoa 2021). Cho tam gidc ABC' ¢6 ba géc nhon, noi tiép trong dudong tron
(O, R) va hai duong cao BE, C'F cat nhau tai H.

a) Chiing minh BCEF 1a t1t gidc noi tiép dudng tron.
b) Ching minh OA L EF.

c¢) Hai duong thang BE, CF lan lugt cat dudng tron (O) tai diém thit hai la N va P. Duong thang
AH cét duong tron (O) tai diém thit hai la M va cat BC tai D. Tinh gia tri biéu thic

AM+ BN+ CP
AD BE CF’

Bai 112 (TS 10Binh Thudn 2021). Tu diém A nam bén ngoai duong tron (O) vé céc tiép tuyén
AB, AC véi duong tron (O) (B, C la cac tiép diém).

a) Chiing minh tit gidc ABOC noi tiép.

b) Tu A vé cat tuyén AEF dén duong tron (O) (v6i AE < AF). Chiing minh AC? = AFE - AF.
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c) OA cat BC tai H. Goi M la trung diém ctia doan thing HB, tia OM cit AB tai K. Dat
— KB
AOB = «. Chu inh 2o = —.
a ng minh cos®a = ——
Bai 113 (TS 10 Binh Phuéc 2021). Tir diém A nam ngoai dudng tron (O) ké hai tiép tuyén AB,
AC (B, C la tiép diém). Ké cat tuyén AEF khong di qua tam O (E nam gita A va F'; O va B nam
ve hai phia so vé6i cat tuyén AEF). Goi K la trung diém ctia EF.

a) Ching minh tit gidec OBAC noi tiép duong tron.
b) Chiing minh K A la phan gidc ctia BKC.

c¢) Ké day ED vuong géc OB sao cho ED cat BC tai M. Chitng minh FM di qua trung diem I
ctia doan thang AB.

Bai 114. Cho duong tron (O; R) duong kinh AB,C 1a diém trén duong kinh AB. Trén dudng tron
lay mot diem D va M la trung diéem cung DB. MC cit dudng tron tai £, DE cit AM tai K. Vé
dudng thing qua C song song AD va cit DE tai F. Chtng minh:

a) Tt giac AKCE noi tiép. b) CK /| BD.
¢) CK L AD. d) Tt gidc CBEF noi tiép.
e) CF =CB.

BAi 115. Cho AABC ¢6 A = 90°, dudng cao AH, M la diém di dong tren canh BC. Vé BD L
AM,(D € AM),CE L AM,(FE € AM).

a) Ching minh A, B, H, D cung thuoc mot duong tron.

b) Chiing minh A, H, E, C' cung thudéc mot dudng tron.

)
)

c¢) Chitng minh dudng tron duong kinh DE luén di qua mot diém c6 dinh.

d) Chitng minh trung triyc ctia doan thing DFE luon di qua mot diém c6 dinh.
)

e) Chitng minh trung diém ctia DE thudc mot dusng tron c¢b dinh. Tim tam va ban kinh cia duong
tron do.

f) Xac dinh vi trf ctia diém M dé

® BD + CFE dat gia tri 16n nhat.
® BD + CFE dat gia tri 16n nhat.

Bai 116. Cho hinh vuéng ABCD canh a. Cac diéem M, N lan lugt di dong trén cac canh AD, CD
sao cho M BN = 45°, AC cit BM va BN lan luct tai E va F.

a) Ching minh A, B, F, M cung thuéc mot dudng tron.

b) Ching minh B, C, N, E cung thudéc mot ducng tron.

)
)

¢) Ching minh M, E, F, N cung thuéc mot dudng tron.

d) Goi H la giao diém ctia MF va NE. Chiing minh BH 1. MN.
)

e) Chitng minh M N tiép xtc v6i mot dudng tron c6 dinh. Xac dinh tam va ban kinh ctia duong
tron do.

f) Ching minh DM + DN + M N = 2a.
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g) Xéc dinh vi trf cia M, N dé dién tich ABMN c6 gia tri 16n nhat; nho nhat.

Bai 117. Cho tam giac ABC vuodng can tai A, trung tuyén AD. M 1a mot diém di dong trén doan
AD. Goi I, K lan lugt 1a hinh chiéu ctia ctia M trén AB, AC. Goi H 1a hinh chiéu ctia diém I tren
duong thing DK.

a) Tu giac AIM K la hinh gi?

b) Chiing minh 5 diém A, I, M, H, K cung thuoc mot dusng tron.

¢) Ching minh ba diém B, M, H thang hang.

d) Xac dinh vi tri cia M dé dien tich tam giac HAB 16n nhét.

e) Chitng minh dudng thing HI luon di qua mot diém cb dinh.

f) Xac dinh vi trf M dé do dai HI dai nhat.
Bai 118. Cho tam giac ABC noi tiép duong tron (O; R). Tia phan gidc géc BAC cit duong tron
(O) tai D (D # A). Duong tron (I) qua D tiép xic v6i AB tai B. Duong tron (K) qua D va tiép xtc
voi AC tai C va cat (I) tai E.

a) Néu cach vé I, K.

o

o

)

) Chiing minh ADBC can.

) Chitng minh B, E, C thang hang.
)

d) Mot duong tron tam J di dong di qua A va D cat AB va AC lan lugt tai M va N.
1) Ching minh M B = NC.

2) Duong trung tric ciia M N di qua mot diém ¢ dinh.
3) Chitng minh trung diém F ctia M N di dong trén mot dusng co dinh.

e) DF cét duong tron (O) tai L. Chiing minh t gidc ACLB la hinh thang can.

Bai 119. Cho duong tron (O; R) ¢ dinh va diém A ¢ dinh sao cho OA = 2R. BC la dusng kinh
quay quanh O (duong thang BC khong qua A). Duong tron (I;7) qua A, B, C cit OA tai A va D.

a) Ching minh OA-OD = OB -OC.

) Chting minh D 1a diém c6 dinh.

) Chitng minh I thuoc mot dudng ¢ dinh.

d) Gid st khoang cach tit A dén dudng thang BC la R. Tinh r theo R.
) Truong hop AB, AC cat (O; R) lan luot tai E, F. EF cit OA tai K.

1) Chitng minh bén diem F, D, K, C' cing nam trén mot duong tron.
2) Tinh do dai AK theo R.
3) Ching t6 tam clia duong tron qua A, E, F di dong trén mot duong c¢d dinh.

Bdi 120. Cho tam gidc ABC nhon, noi tiép trong dudng tron (O; R) va c6 trie tam 1a H, M 1a diém
chuyén dong trén cung BC'. Goi A’, B', ' lan lugt 1a hinh chiéu cia M trén BC, AC, AB.

a) Ching minh M, C', B, A’ cung thuoc mot dudng tron.

b) Ching minh M, C’; A, B' cung thuoéc mot dusng tron.

y J/ J J
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¢) Chiing minh M, A’, B, C' cung thuoc mot duong tron.

Xac dinh vi trf clia diém M sao cho tit gidec BHCM la hinh binh hanh.

)
d) Ching minh A’ B/, C' théng hang.
e)

)

f) Goi N, E lan lugt 1a cac diem déi xiing ctia M qua AB vh AC. Vé AK vuong géc véi NE tai
K.

1) Chiing minh t gidc NAH B noi tiép.

2) Ching minh ring N, H, E thing hang.

3) Ching minh BAC = NAK.

4) Xac dinh vi trf ctia diem M dé NE c6 do dai 16n nhat
g) Ching minh MB-AC + MC-AB = MA- BC.

. .. AB AC BC
h) Ching minh VO + B = MA

i) Xac dinh vi trf diém M dé

1) MB-AC + MC - AB ¢6 gia tri 16n nhat.
AB AC

2) + +BC
MC" MB  MA

c6 gia tri nhoé nhat.

Bai 121. Cho tit giac ABC'D noi tiép duong tron (O; R), AD cat BC tai E, AB cat CD tai F. Duong
tron qua D,C, E cat EF tai M(M # E).

a) Ching minh M, A, D, F' cung thuoc mot dusng tron.
b) Ching minh M, B, C, F' cung thuoc mot dusng tron.
¢) Ching minh EA-ED + FA-FB = EF?

d) Tia phan giac DEC cit AB, DC lan luot tai H, K. Tia phan giac BFC cit AD, BC lan lugt
tai I, L. Chiing minh
1. EH 1 FI
2. H,K,I,L labén dinh ctia hinh thoi.

e) Goi Oy; Os; O3; Oy lan luot 1a tam ctia cac duong tron noi tiép cac tam gidac ABC, DBC, ADC, ABD.
Ching minh

01,0, B, C' cung thuéc mot dusng tron.

03,03, C, D cung thuéoc mot dusng tron.

O3, 04, A, D cung thudéc mot duong tron.

01,04, A, B cung thuoc mot duong tron.

AN e

01,0, 03,04 cung thuéc mot dudng tron.

Bai 122. Cho ba diém A, B, C thang hang theo thtt ty, duong thing d vuong géc AB tai C. Diém
M di dong trén duong thang d, vé BD vuong géc AM tai D. BD cat d tai N. AN va BM céat nhau
tal F.

a) Chitng minh CM - CN khong doi.
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b) Ching minh duong tron dudng kinh M N di qua hai diém c6 dinh.

¢) Chitng minh dudng tron (AMN) di qua hai diém c6 dinh.

)
)
d) Chitng minh tam dudng tron (AMN) thudc mot dusng thang ¢b dinh.
e) Chitng minh dudng thing DE di qua mot diém c6 dinh.

)

f) Goi P, Q la giao diém ctia DE va dudng tron (AMN). Vé dudng kinh AF ciia dudng tron
(AMN). DE cat AF tai I.
1) Tt gidc BMFN la hinh gi?
2) Chtng minh AF | DE.
3) Chimg minh AP? = AQ* = AF - AI.
4) Chiing minh P di dong trén mot duong co dinh.
Bdi 123. Cho dudng tron (O; R), A la diém trén dudng tron. Vé tiép tuyén Az ciia dudng tron (O).

B diém trén tia Az (B # A). C la diém trén duong tron (O) sao cho BC' = BA. OB cit AC tai H
va cat (O) tai D, E (E nam gitta O va B).

a) Chiing minh BC la tiép tuyén cia (O).

o

Goi S 1a dién tich cia tit giac OABC'. Chiing minh AC + OB > 2v/2S.

@]

Goi S’ 1a dién tich cua ti giac ABC'D. Ching minh AC' + BD > 2/25’.

o

e) Vé hinh chit nhat OABF'. Tt giac OBFC 1a hinh gi?

)
)
)
) Chitng minh F 1a tam duong tron noi tiép tam giac ABC.
)
f)

Cho A di dong v AB = RV/3.

1) Chitng minh B thuoc mot duong ¢ dinh.

2) Chting minh H thugc mot duong c¢d dinh.

3) Tinh dien tich ti gidc OABC, ABCD, ban kinh duong tron noi tiép AABC, do dai AE theo
R.

Bdi 124. Cho AABC vuong tai A, duong cao AH. Vé duong tron (O) duong kinh AH cit AB va
AC lan lugt tai E va F.

a) Ching minh AFHF' la hinh chit nhat.
b) Chitng minh ba diém E,O, F thing hang.
¢) Céc tiép tuyén cta (O) vé tit E va F cat BC tai M va N. Chiing minh:
1) OM J] AB, ON J| AC.
2) M, N lan lugt la trung diém ctia BH, HC'.
3) MON = 90°.
)

1
4 POMN = §PABC- (POMNapABC 14 chu vi tam gléC MON va ABC)

Bdi 125. Cho nita dudng tron (O; R). Trén cling mot nita mat phang bo 1a AB, dung cac tiép tuyén
Az, By clia ntta dudng tron. Lay mot diém M trén nita duong tron (O). Tiép tuyén tai M cta (O)
cat Az, By lan lugt tai D, C. Tia AM, BM kéo dai cat By, Ax lan luct tai F va E.
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a) Chitng minh: cac diém D, M, O, A cing nim trén mot dudng tron, cac diem C, M, O, B cing
nam tréen mot duong tron.

b) Chitng minh: ACOD vudng.

¢) Chitng minh: D la trung diém ctia AFE.

d) Ching minh: ACBO ~ ABAE.

e) Chiing minh: AD - BC' = R* AD + BC = CD.

f) Dung M H vuong géc v6i AB. Chiing minh: AC va BD di qua trung diém I ctia M H.
g) Ching minh: £EO L AC.

h) Tim vi tri diém M dé dién tich tam gidc M HO 16n nhat.

i) Tim vi tri diém M dé dien tich tam gidc M AB 16n nhat.

k) Tim vi trf diém M dé dien tich t& giac ABC'D nhd nhat.

)

j) Tim vi trf diém M dé chu vi tam gidc M AB 16n nhat.

)

1) Tim vi trf diém M dé chu vi t1t gidc ABC' D nhé nhét.

Bai 126. Cho dudng tron (O) va diém M nam ngoai (O). Tit M ké hai tiép tuyén M A, M B dén (O)
(A, B la tiép diém). Qua M ké cat tuyén MNK (MN < MP) dén (O). Goi K la trung diém clia
NP.

a) Chimng minh rang cac diém M, A, K, O, B cing thudc mot duong tron.

b) Chiing minh ring tia KM la phan gidc goc AK B.

)
)
¢) Goi Q la giao diém thit hai ctia dudng thang BK véi duong tron (O). Chiing minh ring AQ // NP.
d) Goi H la giao diém ctia AB va MO. Chiing minh ring M A%? = MH - MO = MN - M P.
e) Chitng minh ring 4 diém N, H, O, P cung thudc mot dudng tron.

)

f) Goi E la giao diém ctia AB va KO. Chiing minh réng AB? =4-HE - HF (F la giao diém ctia
AB va NP).

g) Ching minh ring K EM H 1 tit gidc noi tiép. T di chiing t6 ring OK - OF khong ddi. T d6
suy ra EN, EP la céc tiép tuyén cta (O).

h) Goi I 1a giao diém clia doan thang MO vé6i dudng tron (O).
Chiing minh rang I 14 tam dudng tron noi tiep AMAB.

i) Chting minh rang K F va KF lan lugt 1a phan gidc trong va phan giac ngoai ctia goc K AB. T
dé suy ra AE - BF = AF - BE.

j) Tim vi trf ctia cic tuyén M NP dé dién tich tam giac MNP dat gia tri nho nhat.

k) Chiing minh khi céc tuyén M NP quay quanh M thi trong tam G ctia tam giac N AP luon chay
tren duong tron c¢6 dinh va cat tuyén MNP ¢6 dinh, diém M di chuyén trén tia déi ciia NP,
chitng minh duong AB di qua 1 diém c6 dinh.

1) Gid sit OM = 2R. tinh dién tich hinh quat gi6i han béi hai ban kinh OA, OB va cung nhé AB.
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Bdi 127. Cho dusng tron (O) c6 day BC. Trén cung l6n BC lay diem A bat ky (A khac B,C). Ké

BE vuong goc véi AC tai E; CF vuong goc véi AB tai F, chiing cit nhau tai H, P la trung diém

cua BC.

a) Chiing minh tt gidc BFEC ndi tiép.
b) Ching minh: HB-HE = HC - HF.

c¢) Dudng thing EF va BC cit nhau tai I,K va la giao diém thi hai ctia AT va (O). Chiing minh:
IK-TA=1FE-IF.

Tia AH cat (O) tai diém thit hai 1 M. Tam giac BM H la tam gic gi?
K¢é duong kinh AQ ctia (O). Tim tam ddi xiing cia tt giac BHCQ.

Chitng minh do dai AH khong ddi khi A di dong va day BC ¢6 dinh trén (O).

)
)
)
g) Xac dinh tam dudng tron di qua 5 diém A, K, F H E.
) Chiing minh 4 diém K,H,P,Q thing hang.
) Ching minh F'E vudng goc véi OA.

)

Goi S,N lan lugt 1a giao diém ctia BE, CF vé6i (O). Dudng thang FE cit (O) theo tht tu tai
L va U (L nam gitta I va U). So sanh hai cung SL va cung NU.

k) Goi d la duong thang di qua H va vuong goc véi FE. Chitng minh: Khi diém A di chuyén trén
cung 16n BC sao cho tam gidac ABC' la tam giac nhon thi dudng thang d luon di qua mot diém

¢d dinh.

1) So sanh cac ban kinh duong tron ngoai tiép céc tam gidc BHC va BCM. Tit d6 chiing minh
ban kinh cac duong tron ngoai tiép tam giac HAB, HAC, HBC biang nhau.

Bdi 128. Cho dudng tron (O; R) va diém A nam ngoai dudng tron d6. Ké cat tuyén AM N khong di
qua O (M nim gitta A vd N). Ké hai tiép tuyén AB, AC véi (O; R) (B va C la hai tiép diem va C
thudc cung nhé MN). Dusng thing BC cat M N va AO lan lugt tai E va F. Goi I 1a trung diém ciia
MN.

a) Chitng minh ring 5 diém A, B, O, I va C ciing thudc mot dudng tron va I A 1a dudsng phan giac
cua BIC.

b) Chitng minh AC? = AM - AN = AF - AO.

¢) Chiing minh MFON la t giac noi tiép.

Chitng minh FC 1a duong phan gidc ciia MEN va AM - EN = AN - EM.
Ching minh EB- EC = EM - EN.

)

)
f) Ching minh CM - BN = CN - BM.

) Hai duong thang OI v BC' cat nhau tai K. Chiing minh KN i tiép tuyén ctia duong tron (O).
) Tia M F cit (O; R) tai diém thit hai 13 D. Chiing minh ring BC /| DN.

)

i) Ké duong kinh BH ctia dudng tron (O). Cac dudng thing HM, HN cat duong thang AO lan
luot tai P va Q. Chitng minh OP = OQ).

j) Giad sit OA = 2R. Tinh dién tich tam giac ABC theo R.
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Bdi 129. Cho dudng thang a va mot diém O cach a mot khodng 3 cm, vé duong tron (O;3 cm), goi
diém H 1a hinh chiéu ctia diém O lén dudng thang a (?3 SGK Trang 109 - Toan 9 - Tap 1)

a) Duong thang a c6 vi trf nhu thé ndo dbi véi duong tron (O)? Vi sao?
b) Goi B va C la giao diém ctia duong thang a véi duong tron (O). Tinh BC.
¢) Ké duong kinh C'D. Giéi tam giac BCD.

d) Lay E la trung diém ctia day BD. Héi tt gidc OEBH 1a hinh gi? Vi sao?
e) Duong thang DH cit (O) tai F. Chiing minh: OCF = FOTD

f) Ké tiép tuyén ctia (O) tai tiép diém C, cit OH tai G. Chiing minh ring GB la tiép tuyén clia
(0).

g) Ching minh: OG la dudng trung truc cua BC.
h) DG cit (O) tai I, cdt BC tai K, cat EO tai M. Chiing minh EM - GH = BE - HK.

i) Giai tam giac COG (do dai canh lam tron dén chit s6 thap phan thit 2, goc lam tron dén do).
j) Chiing minh: BG* = GI - DG.
)

k) Ké duong kinh BN. Tiép tuyén ctia (O) tai tiép diem N cat CG tai P. Chiing minh: PG =

NP + BG.
1) Chitng minh 3 diém E, O, P thing hang.
m) Ching minh: NP -CG = DO - NO.

n) Goi Q la giao diém ctia NC va OP. Giai tam giac OCP (do dai canh lam tron dén chit s6 thap
phan tht 2, géc lam tron dén do).

Goi T la giao diém ctia BG va EO. Chiing minh T'D la tiép tuyén ctia (O).
Ching minh: TG = GC +TD.

Goi U la giao diém ctia T'D va PN. Chiing minh: UO L DN.

)
)
)
r) Tia GO cit (O) tai hai diém S va R (GS < GR). Chting minh S 1a tam dudng noi tiép AGBC.
) Chting minh réng: R la tam dudng tron bang tiécp AGBC.

) Chitng minh HI | IB.

u) Chitng minh H B la tia phan giac cia DHI.

Bai 130. Cho AABC c¢6 3 goc nhon nai tiép duong tron (O) , AD la duong kinh clia dudng tron
(O). Tiép tuyén tai D ctia (O) cit tia BC ¢ M. Dudng thang MO cit AB, AC lan lugt tai E, F.

a) Chiing minh MD? = MB - MC.
b) Goi H la trung diém ctia BC. Chiing minh tt gidc MDHO la tit gidc noi tiép.

¢) Qua B vé dudng thang song song véi MO, dusng thang nay cat AD tai P. Chitng minh P thudc
duong tron ngoai tiép ABHD.

d) Chiing minh O la trung diém ctia EF.

y J/ J J
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e) Céc duong cao AQ, BN, CK cia AABC cat (O) lan lugt tai L, T, G. Goi I 1a tryc tam cta

AL BT CG
AABC'. Chi inh hé th =4.
C. Chtng minh hé thic AQ+BN+CK

f) Chiing minh ba diém I, H, D thing hang.
g) Chiing minh tit giac BDCT la hinh thang can.
h) Tinh Al biét BC =8 cm, OC =5 cm.

i) Chitng minh tit gidc BKNC noi tiép va xac dinh tam va ban kinh ctia dudng tron ngoai tiép ti
giac BKNC.

ABC KC

j) Chitng minh tan y ~ KBLBC

Bdi 131. Cho dudng tron (O; R) va mot diem M niam ngoai dudng tron (O), qua M ké cac tiép tuyén
MA, MB dén duong tron (O) (A,B la cac tiép diém) va dung cat tuyén MCD sao cho MC < MD.
Goi E la trung diém ctia CD, doan thang MO cat (O) va AB lan lugt tai I, H.

a) Ching minh rang: M, A, O, E, B nam trén mot dudng tron.
b) Ching minh ring: M E 1a tia phan giac clia goc AEB.
¢) Chting minh ring: MA* = MC - MD.

. AC  BC
d) Ching minh rang: D= BD
e) Ching minh rang: I 14 tam dudng tron noi tiép tam giac M AB.
f) Chitng minh rang: T giac CHOD nai tiép.

g) Chiing minh rang: AB chita dudng phan giac goc CHD.

h) Chiing minh rang: CAD = BHD.

i) OF kéo dai cat AB tai K. Chiing minh ring KC, KD la tiép tuyén ctia dudng tron (O).
j) AE cit (O) tai giao diém thit hai 13 F, F # A. Chitng minh riang: BF /| CD.

k) CH cit (O) tai giao diém thit hai 14 P, P # C. Chiing minh rang: DP /| AB.

1) Duong thang qua E song song v6i BD cit AB tai N. Ching minh raing: CN 1 OB.

Bai 132. Cho hai duong tron (O; R) va (O'; R') cit nhau tai hai diém phan biet A, B (O, O’ nim
khac phia d6i véi AB). Mot cat tuyén di dong qua A cat (O) tai C, cat (O’) tai D sao cho A nam
gitta C' va D.

a) Ching minh OO’ 1a trung truc cia AB.

b) Chitng minh ABCD dong dang véi AAOO'.

¢) Chitng minh s6 do goc CBD khong doi.

Ppep _ BC
Pioor  OA

d) Ching minh

e) X4c dinh vi trf ctia cat tuyén CD dé

220/223 ’




Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J J J
1) Chu vi tam giac BC'D 16n nhat.
2) Dien tich tam gidac BC'D 16n nhét.
3) Ban kinh duong tron ngoai tiép tam giac BC'D 16n nhat.
f) Cho CD L AB, CB cat (O') tai B va E; DB cat (O) tai B va F. Chiing minh:
1) B, O, C thang hang; B, O', D thiang hang.
2) BCF = BDE.
3) AB la tia phan giac ctia géc FAF.

Bai 133. Cho tam giac IBC, (IB = IC) noi tiép duong tron tam (O; R). Vé duong kinh ID. Lay A
14 diém chay trén cung nhé IC. Trén tia déi clia tia AB lay diém E sao cho AC = AE.

a) Ching minh AD la phan giac clia goc BAC.
b) Chitng minh AD j EC.

¢) Ching minh Al 1 EC.

d) Chiing minh ICE = IEC.

e) Ching minh rang khi A di dong trén cung IC thi F di dong tréen mot cung tron ¢d dinh, gidi
han.

f) Xac dinh vi tri diem A dé chu vi tam giac ABC' 16n nhit.

Bai 134. Cho tam giac ABC nhon, noi tiép duong tron (O; R), duong cao AH, phan giac AD cat
duong tron & E. Vé duong kinh AF. I 13 tam dudng tron noi tiép tam giac ABC.

a) Ching minh OF | BC.

b) Chitng minh AHAB «~ ACAF.

AB-AC - BC
AR '

AB BC AC

sinC  sinA sinB

¢) Ching minh Sapc =

d) Chiing minh 2R.

) Chting minh F 13 tam duong tron ngoai tiép tam giac IBC.
) Ching minh AB - AC = AD - AE.

g) Ching minh AB - AC — DB - DC = AD?.

) Cho BC c¢6 dinh, A di dong.

1) X4c dinh vi trf diém A dé AB - AC 16n nhat.
2) Xac dinh vi trf diéem A dé AB - AC — DB - DC 16n nhat.
3) Chiing minh I thudoc mot dudng tron ¢6 dinh, xac dinh tam va ban kinh ctia dudng tron do.

i) Cho A ¢6 dinh, BC di dong théa man AB - AC = 3R?.

1) Chitng minh BC' tiép xtc v6i mot duong tron ¢d dinh.
2) Xéc dinh vi trf BC' dé dién tich tam giac ABC 16n nhat.
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Bdi 135. Cho tam gidc déu ABC noi tiép duong tron (O; R), M 1a diém chuyén dong trén cung BC.

Trén doan thing M A lay D sao cho M D = M B. Vé dudng kinh AFE cit BC tai H, M A cit BC tai

1.

a) Chtng minh EAB:EAC’ . item Tinh do dai AB, EB theo R.
b) Chitng minh tam gidc M BD déu.

¢) Ching minh MA=MB+ MC.

d) Chiing minh Al - AM = AB%

e) Chiung minh IB-IC =1TA-IM.

)
)
)
)
)
f) Ching minh MI-MA=MB-MC.
1 1

MI_ MB & MC

h) Xéc dinh vi tri ctia M dé:

g) Chiing minh

1. MA+ MB + MC dat gia tri 16n nhat.
4 .
2. §AI + AM dat gia tri nhé nhat.

3. IA-IM dat gia tri 16n nhat.

1 1 1 .
4. i4 tri nho nhat.
MI+MB+MC dat gia tri nhé nhat
1 1 1 e 1a 1z
5. A + B + U dat gia tri nho nhat.
6 ! + ! + ! + ! dat gia tri nhé nhat
CMA T MB T mc T g O B R Ro Bhat
20 11 1 1 .
7. m+m+2001 (W+M_C) dat glé tI‘i nho nhat.

Bai 136. Cho tit gidc ABCD c¢6 cac dinh nim trén duong tron (O; R) c6 hai dudng chéo AC, BD
vuogn géc nhau tai I (I # O).

a) Ching minh [A-IC =1B-1D.

b) Vé duong kinh CE. Chiing minh A, B, D, E 1a bon dinh ctia mot hinh thang can, AB?+ CD? =
4R%, AB? + BC? + CD? + DA? = S8R

¢) Tu A va B vé cac dudng vuong goc dén C'D lan luot cat BD tai F cat AC tai K. Chiing minh
rang A, B, F', K 1a bon dinh ctia mot t1t giac dic biet.

d) Goi M la trung diém ctia C'D. Chiing minh AB = 20M.

e) Cho dudng tron (O; R) va diém I ¢b dinh. A, B, C, D di chuyén goi P la trung diém OI, H la
chan duong cao vé tut I cua tam giac ICD.
Or?
5
2. Ching minh M, H thudoc mot dudng tron cb dinh.
3. Goi L, J lan lugt 1 hinh chiéu ctia O trén AC, BD. Xac dinh vi trf ctia AC, BD dé:
i. Tam giac ILJ c6 dién tich 16n nhat, c6 chu vi 16n nhat.
ii. Tong AC + BD 16n nhat, nhd nhat.

222/223 ’

1. Chitng minh MO? + MI? —2MP? =




Trén dudng thanh cong, khong cé ddu chan cla ké ludi biéng

y J/ J J
iii. T gidc ABCD c6 dién tich 16n nhat, nhé nhat.
iv. Tam giac IC'D c6 dién tich 16n nhat.

Bai 137. Cho ntia duong tron (O; R) duong kinh AB. Tt A va B vé hai tiép tuyén Az vd By. Qua

mot diém M di dong trén nita dudng tron nay, vé tiép tuyén thi ba cit Az, By lan lugt tai C va D.
Céc duong thang AD va BC cit nhau 6 N.

1) Chtng minh

a) AC+ BD =CD.

b) COD = 90°.

¢) AC-BD = R”.

d) MN Jj AC.

e) CD-MN =CM- DB

f) Duong tron dudong kinh C'D tiép xtc véi AB.
2) Xac dinh vi tri M dé:

a) AC + BD dat gia tri nho nhat.
b) Dién tich tit gidc ABDC dat gia tri nhd nhat.

3) MA cit OC tai E, MB cit OD tai F. Chiing minh trung diém I ctia EF thudc mot dudng tron
c6 dinh.

4) MN cat AB tai J. Ching minh MN = NJ.
5) Tinh M B, AC, BD, C'D theo R, biét ring AM = R.
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